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Abstract

This paper introduces a generalization of Reiter’s notion of “extension” for default logic. The main
difference from the original version mainly lies in the way conflicts among defaults are handled: in
particular, this notion of “general extension” allows defaults not explicitly triggered to pre-empt
other defaults. A consequence of the adoption of such a notion of extension is that the collection
of all the general extensions of a default theory turns out to have a nontrivial algebraic structure.
This fact has two major technical fall-outs: first, it turns out that every default theory has a general
extension; second, general extensions allow one to define a well-behaved, skeptical relation of
defeasible consequence for default theories, satisfying the principles of Reflexivity, Cut, and Cautious
Monotonicity formulated by D. Gabbay.

Alternative developments are also considered, namely: (i) the important case of semi-normal
default theories (which turn out to have a unique minimal extension); (ii) defeasible consequence
as based on extensions that are nonminimal (“optimal” in the sense of Manna and Shamir); and
(i) a variant of general extensions that, at the cost of a slight complication, avoids certain somewhat
counterintuitive results.

This approach, inspired by Kripke’s theory of truth, is parallel to, and generalizes over, the
treatment of defeasible inheritance over cyclic networks obtained in the author’s previous work;
vindicates the skeptical approach to defeasible inheritance of Horty, Thomason, and Touretzky; and
has similarities to the results of Fitting and Przynms&i in logic programming 1999 Elsevier
Science B.V. All rights reserved.
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Introduction

The emergence of so-callesbnmonotonic logicshrough the work of, among others,
McCarthy [23,24], McDermott and Doyle [25], Moore [26], and Reiter [30] is undoubtedly
one of the most significant developments both in logic and in artificial intelligence.
Among the several formalisms proposed in the literature, Redefault logicin particular
seems to provide a very flexible general-purpose framework. This paper introduces a
generalization of Reiter’'s notion of “extension” for default logic, which can be motivated
by the following considerations.

All nonmonotonic logics aim to provide a formal account of the fact that reasoners
can reach conclusions tentatively, reserving the right to retract them in the light of further
information. As a consequence, a certain amount of “jumping to the conclusion” is built
right into any nonmonotonic framework, in the form (particularly explicit in the case of
default logic) ofdefeasible inference ruledNonmonotonicity amounts precisely to the
proviso that if conflicts were to arise, one would “retract” some of the conclusions in order
to restore consistency.

However, there are in principle two different kinds of conflict that can arise: (i) conflicts
between tentatively endorsed conclusions and newly learned facts (strict information)
about the world; and (ii) conflicts among the conclusions of the defeasible rules. All
nonmonotonic frameworks handle the first kind of conflict in the same way: rules whose
conclusions are inconsistent with the given information are not triggered; hence, if new
facts were to be learned, old conclusions would be retracted (nonmonotonicity). On the
other hand, there are in principle two different ways to handle conflicts of the second
kind. According to the first strategy one can be “credulous” and always trigger a maximal
subset of inference rules; i.e., one always commits to as many conclusion as possible
subject to the consistency requirement. But an equally acceptable alternative is to be
“skeptical” or “cautious” and withhold commitment to a conclusion in the presence of
conflicting rules. (Further considerations may also play a role: for instance, in the case
of inheritance networks one usually wants more “specific” information to override more
“generic” information.)

The difference between the two approaches is best seen in such cases as the well-known
“Nixon diamond” of Fig. 1. In the presence of two conflicting defeasible inferences (and
in the absence of other considerations such as specificity), the credulous approach would
have us commit to one or the other conclusion, whereas the skeptical approach would have
us withhold commitment.

In the literature, conceptual reasons have been offered to prefer the cautious approach,
or at least for giving it equal standing to the credulous one (see for instance [14] as a
general reference). However, a directly skeptical approach has only been developed in the
case of acyclic inheritance networks by Horty et al. [15]. All other approaches enforce
skepticism in a roundabout way, considering ifersectionof all credulous extensions.

In particular, there are no available frameworks for default logic embodying the “cautious”
or “skeptical” approach in a direct manner.

This paper introduces a notion of “general extension” for default logic that tries to
capture some of the intuitions behind skepticism. Whereas conflicts with strict information
are handled in the usual manner (thereby retaining the fundameéesaeratumof
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nonmonotonicity), conflicts among defeasible rules are handled cautiously. This means,
among other things, that default rules need not be explicitly triggered in order to prevent
the conclusions of conflicting rules from being endorsed.

There are two major technical fall-outs of the adoption of the notion of general extension.
First, according to the present approach, every default theory turns out to have a general
extension. In this, default logic as based on general extensions differs from Reiter’s original
proposal [30] and is more in line with Lukaszewicz [18,19] and Brewka [6], both subsumed
by Delgrande et al. [7] (in fact, Delgrande et al. explicitly claim their approach to provide
an “amalgamation” of those of Lukaszewicz and Brewka [7, p. 198]). The basic intuition
behind general extensions is however quite different from these other proposals. (The last
section of the paper contains a comparison of default logic based on general extension to
some of the other approaches in the literature.)

The second technical fall-out is the identification of a well-behaved relation of
defeasible consequence for default theories. The abstract notion of a relation of defeasible
consequence first appears with Gabbay [12]. In fact, one could argue that the whole point
of having a nonmonotoniogic is to allow us to dravinferencesand this in turn requires
that we have a relatiop- holding between sentences, such that ¢ roughly represents
the fact thaty is a defeasible or nonmonotonic consequence. @abbay [12] identifies
certain principles that seem necessary for such a relation to be well-behaved, most notably
the following:

(1) Reflexivity ¢ ~¢;
oY ol x.

(2) Stabilityor Cautious Monotonicity
pAY P x
oY, e nY I~ x
e x

As observed by Makinson [20] the principle of Cautious Monotonicity is the inverse of
Cut, a fact which is hidden in the case of classical logic in which Cautious Monotonicity
is subsumed by a more general principle of Weakening.

As borne out by the analysis of Makinson [20], there seems to be no natural way using

the notions of extension available in the literature to define a reasonably well-behaved (i.e.,

(3) Cut
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satisfying the above three principles) relation of defeasible consequence for default logic
(skeptical or otherwise). The only plausible route appears to be the already mentioned
definition of a relatiori~ obtaining between a default theory and a propositigmecisely
when ¢ is supported byall extensions of the theory. In other words,is defeasibly
inferable from a given default theory if it occurs in the intersection of all its extensions.

However, even discounting feasibility worries and other conceptual issues, there appears
to be a major problem with this approach. Makinson [20, p. 60] shows that definiag
the intersection of all the extension (in Reiter’s sense) of a default theory, one cannot satisfy
Cautious Monotonicity. This is a substantial drawback.

It is then significant that using general extensions, the relatiomefined as the
intersection of the extensions, turns out to have all three properties identified by D. Gabbay.
Moreover, in the important special case of semi-normal default theories, we have the
existence of a unique privileged extension of the theory (#ast extension), which
makes the definition of- particularly simple. Admittedly, this can have, at least in some
cases, some counter-intuitive consequences (see Section 4). While we argue that, once
the cautious motivation of the theory is properly taken into account, such consequences
are less counter-intuitive than it might appear at first, we also review alternative ways to
identify a privileged extension for a default theory in such a way as to obviate some of the
counter-intuitive consequences.

The paper is organized as follows. In Section 1 we illustrate the notion of general
extension for the particularly simple, but already significative case of categorical (i.e.,
prerequisite-free) default theories. In Section 2 we take up several examples of categorical
theories. In Section 3 we introduce the notion of general extension for arbitrary
default theories, presenting some examples in Section 4. In Section 5 we show how to
define a relation of defeasible consequence having Gabbay’s three properties. Section 6
presents alternative developments including how to modify the definitions to overcome
a certain degree of counter-intuitiveness. Finally, in Section 7, we draw conclusions and
comparisons to other approaches. Appendix A contains proofs of selected theorems and
Appendix B sketches how to give a “transfinite” version of the present approach.

1. Categorical default theories

Fix a propositional languagé, obtained from an infinite list of propositional variables
p.q,r1, ... by the propositional connectives v, —, —. The language is endowed with
the usual (i.e., two-valued) semantics. In particular, werd$e denote the usual relation of
logical consequence. ¥ andW are sets of propositional axioms frofhandy a formula
from L, then we writeS =w ¢ as shorthand foS U W = ¢. A set S of sentences is
W-consistent if and only i§ =w p A —p.

A default theonyis a pair(W, A), whereW is a set of propositional axioms (a “world
description”) andA is afinite set of defaults. In turn, defaults is an expression of the
form

tin
o
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where¢, n, 0 are sentences froli. The intuitive meaning of a defaultis thatif ¢ has
been established, andn has not been established, then assum@by default). The
expressiong, n, 6 are called thepre-requisite the justification and theconclusionof §,
respectively. If

_ g
5
then we putP(8) =¢, J(§) =n, andC(8) = 0. If I' is a set of defaults, we will write
C(I') for {C(8): 8§ € I'}, and similarly forP(I") andJ (I").
In the particular case in which a defaéilhas no pre-requisite (because it is of the form
i

0

or, equivalently, becausg(d) is a tautology), then we say thatis categorical If all

defaults inA are categorical, then we say th@¥, A) is categorical. As we will see,
categorical default theories form a natural and well-behaved class. Other special cases: a
defaults is normalif J(8) andC(8) are logically equivalent, and it semi-normalf J(§)
logically impliesC(§) (typically, becausd (§) is a conjunction one of whose conjuncts is
C(9)).

8

Definition 1.1. Let S be a set ofZ-sentencedy a world description, anéla default. Then
we say:

(1) & isadmissibldn S (relative toW) if and only if S =w P(3);

(2) s is conflictedin S (relative tow) if and only if S =w —C(6);

(3) § is pre-emptedn S (relative tow) if and only if S =w —J(8).
If ' is a set of defaults, we say thatis admissible, conflicted, or pre-empted ih
according ag is admissible, pre-empted or conflicteddidr™).

Reiter [30] defines the notion of aextensionfor a default theory. Intuitively, an
extension for a default theory, A) is a deductively closed, consistent set of formulas
containingW and the consequents of a maximal subset dfiere we introduce the slightly
simpler notion of aclassical extensioffor a default theory. Similar simplifications have
been advocated in [5,8,27].

Definition 1.2. A set I' of defaults is aclassical extensiofor (W, A) if and only if it
satisfiesl” = U@O I,,, wherelp =¥, and

L1 ={8 € A1 C(I}) Ew P(8) & C(I) few ~J (B };

(notice the occurrence df in the definition ofl;,11). In other words[},11 is the set of
defaults admissible i}, that are not pre-empted ifi.

Observe that ifl" is a classical extension faW, A) then {¢: C(I") Ew ¢} is an
extension in Reiter's sense. In general, a default theory might have zero, one, or more
than one extension.

We record here the following well-known facts about classical extensions.
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Theorem 1.3. Let I" be a classical extension foi, A).
(1) c(I) is W-inconsistent if and only iV is inconsistent.
(2) If 5 is admissible in”, but neither conflicted nor pre-emptedin thens e I".

We now proceed to generalize this notion of extension, beginning with the somewhat
simpler particular case of categorical theories.

Let (W, A) be a categorical default theory. Recall that this means that the defaults in
have no pre-requisite. In the general case of a default theory, extensions have to be defined
in the somewhat peculiar form of Definition 1.2, since extensions have to be “grounded”,
where a classical extensidnis grounded if it is a minimal set of defaults admissible but
not pre-empted ii". Definition 1.2 is formulated in such a way as to enforce this form of
minimality by letting no more defaults become admissible than “have to”. When a theory
is categorical groundedness is no longer a concern, and it is immediate to chefkishat
a classical extension for a categorical the@#, A) if and only if it is a solution to the
following fixpoint equation:

r={seA: c(I') Ew—JO)}.

In other words,I” contains all and only those defaults that are not pre-emptédd e
now set out to generalize this notion.

Definition 1.4. A general extensiodor a categorical default theorgW, A) is a pair
(r'+, ™) of disjoint sets of defaults fromt, simultaneously satisfying the following two
fixpoint equations:

r={8: C(I'") ew =C & C(A—=T7) w =IO };
r~={8C(I't) Ew —~C@) orC(I'") Ew =J () }.

In other words[ " is the set of all defaults that are neither conflictedih nor pre-empted
in (A — I'"), while I' ™ is the set of all defaults that are either conflicted or pre-empted in
r+.

Observe that the components™ and "~ of the extension are required to be disjoint.
This corresponds to the intuition that" is the set of the (definitely) triggered defaults and
'~ is the set of the (definitely) excluded defaults, and that no default can be both explicitly
triggered and explicitly ruled out. From a purely technical point of view, it is possible to
develop the theory without such a disjointness requirement, and this would correspond to
a “four-valued” intuition such as that of Belnap [4]. We do not purse this possibility here.

In the next two theorems we show that general extensions indeed generalize the notion
of classical extension, and that general extensions always exist. Proofs are given in
Appendix A.

Theorem 1.5. Let I't be a classical extension for a categorical default the@iy, A),
and put
'~ = {s: é conflicted or pre-empted in'*},

then(I"*, I'"") is a general extension faiv, A).
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Theorem 1.6. Every categorical default theory has a general extension.

As mentioned, a full proof of the theorem can be found in the Appendix A. It is,
however, interesting intuitively to characterize the process by which such an extension can
be obtained. A general extensioR ™, ') can be constructed “from below” in stages,
as the limit of the sequencds§,” and I, (for n > 0). For the starting point, we put
Iy =ry =9.

For the inductive step, Iellt“,:;1 be amaximalset of defaults fromA such that: (i) the

conclusions of defaults in),;" U anLl form a consistent set; and (ii) no defabik Fntrl is
pre-empted inA — I,~. (Observe that such a maximal subset need not be unique, so that
the process is not deterministic—this will be important for the definition of the relation
I~.) Also put

1= {8: & conflicted or pre-empted if". , .

The sequences are increasing and disjoint, and their limit gives a general extension.

The existence of extensions is a desirable feature that is missing in Reiter’s original for-
mulation, but that can be found for instance in all three proposals of tukaszewicz [18,19],
Brewka [6], and Delgrande et al. [7]. But as the examples discussed in the following section
will make clear, the intuitions at the basis of these proposals are different from the present
one, and the formal mathematical properties of the frameworks correspondingly different.

2. Examples

In this section we take up a few examples in order to compare the notion of general
extension given here to other notions available in the literature. As before, “classical
extension” here refers to the notion of extension in the sense of Reiter [30], as simplified
in Definition 1.2.

Example 2.1. Consider first the default theoryW, A), where W is empty and A
comprises the two defaults:
i and _q
As is well known, this theory has two classical extensions, according to which default is
triggered. In addition to these, the theory has one general extension, in which no default is
triggered, and none is ruled out.

Example 2.2. Consider the default theory in whidk is empty, andA comprises only the
default

-P

-p
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This theory has no classical extensions, but it has one general extension, r@nly,
in which the default is neither triggered nor ruled out.

Example 2.3. Consider now the theory wheig is empty, butA comprises the defaults

'_p and _q
—|p r

As before this theory has no classical extensions, because of the first default. It does
have one general extension, namely

(2)

The first default cannot be triggered, but there is no obstacle that prevents triggering the
second.

Example 2.4. Consider a different sort of theory, in whiclW is empty andA =
{81,...,8,}, for somen > 1. Suppose also that for allsuch that X k < n,

5 = - Pk ’
“Pk+1
whereas
511 _ Pn )

So defaults are organized in a “loop”, in which the conclusion of each one of them pre-
empts the next default, and the conclusion of the last one pre-empts the first. It is easy to
check that this theory has no classical extensiongsfodd. (It has, of course one general
extension even whenis odd, namelyy, ¢#).) On the other hand, if is even, say: = 2m,
beside the general extensi@h @), there are two classical extensions, namely

({82411 0<k <m}, {842: 0<k <m}),
and the one with the two components switched around,
({62%42: 0<k <m}, {S2x41: 0<k <m}).

Indeed, this result is consistent with similar results in [1,27].

So far we have only been concerned with existence of extensions, but this is by no
means the only question that can be asked when a notion of extension is proposed. In
the remaining part of this section we take up a few “benchmark” examples, mostly drawn
from [7], in order to assess the behavior of the proposed notion.

Example 2.5 (Semi-monotonicily Consider the default theoy, A1), whereWy = @,
andAj comprises:
PpATg
p
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Theory(Wa, Ap) is obtained by puttingV> = W1, and by adding taA; the default
q

q

Semi-monotonicity is a property first singled out by Reiter. According to this property
the extensions of a theory increase monotonically with the siz&: df I" is an extension
for (W, A) andA C A’, then there is an extensidr for (W, A’) such that" C I"’.

By considering the above example, we see that semi-monotonicity fails for the notion of
general extension of Section 3. The the@Wx, A1) has one general extension, triggering
its unique default. When the second default is thrown in, however, we lose the first one,
in the sense that the unique extension of the theory triggers the second default and rules
out the first (the first default is now potentially pre-empted). In this, the version of default
logic presented here agrees with Reiter's Default Logic; by contrast, Constrained Default
Logic [7] is semi-monotonic.

Semi-monotonicity is regarded as a desirable property, because it is a form of locality:
extensions for large theories can be approximated by forming extensions for smaller ones.
Reiter's Default Logic is semi-monotonic in the case of normal theories, in which case
we can apply the approximating process just mentioned. Although general extensions fail
to give a semi-monotonic framework for default logic, they still allow us to construct
extensions “from below”, although in a different sense. Moreover, in the case of semi-
normal theories, as we will see, the extension thus obtained is unique.

Example 2.6 (Weak orthogonality of extension€onsider the default theory witlhy = ¢
and A comprising the defaults:

CpAT TP A
u and ﬂ

Orthogonality is the property that any two distinct extensions are inconsistent. Delgrande
et al. [7] propose a similar notion, more appropriate in the context of Constrained Default
Logic, i.e., Weak Orthogonality: this is the property according to which any two sets of
constraints corresponding to distinct extensions are inconsistent.

Although weak orthogonality seems an appropriate feature in the case of the family of
logics inspired by “commitment to the assumptions” (such as [6,7,18,19]), it appears to be
less so in the present context. Indeed, it is possible to argue that (weak) orthogonality, or
even maximality of extensions is not a desirable feature given the “three-valued” intuition
at the basis of the notion of general extension. In fact, orthogonality fails for general
extensions, for the above theory has two maximal (mutually inconsistent) extensions,
whose intersection is however again an extension.

Example 2.7 (Commitment to assumptionsThis is the “broken arms” example of

Poole [28]. Consider the theory, A) where W = {—g Vv —s}, and A comprises the

defaults:

IPA rA

P29 gng 12°
p r
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Here the intuitive interpretation is as follows: we are told that either the left arm is broken
or the right arm is broketi—g v —s); the first default asserts that a person’s left arm is
usable(p) unless it is brokeri—g), while the second default asserts that a person’s right
arm is usablér) unless it is brokeri—s).

Reiter’'s notion of extension here gives that both arms are usable, although we are told
that at least one is broken. There is in fact a unique extension in Reiter's sense in which
both defaults are fired, the justification of each one of them being consistent both with what
is known and with the conclusions of fired defaults. The situation is essentially the same
with the notion of general extension.

As Delgrande et al. [7] point out, the problem here is that the consistency of each
justification is tested individually, and not—as it were—wholesale. Indeed, this provides
motivation for the adoption of the second construal of prerequisites we mentioned, i.e., as
working hypotheses rather than mere consistency conditions. However, if we do adopt the
first (an equally viable option, as Delgrande et al. [7] admit), then this example loses much
of its intuitive punch.

3. Grounded extensions

In this section we show how to generalize the results of the previous section to default
theories that might not be categorical. The treatment in this section will reveal that pre-
requisites play an unexpectedly subtle role, in more than one way. It will also turn out
that the definitions and theorems in this section are somewhat more complicated than
their analogues relative to categorical default theories. Accordingly, to simplify matters
somewhat, and we no loss in generality, we restrict our attention to default theédties
for which W is propositionally consistent.

Definition 3.1. Let (W, A) be a default theory and™ C A. ThenAd(I") is the set of
defaults (fromA) that areadmissiblen I":
Ad(I) ={8: C(I') =w P($)}.
We are going to be particularly interested in sEtef defaults such that C Ad(I"), i.e.,

everys € I' is admissible in". Recall that classical extension for arbitrary default theories
are required to be grounded. We now isolate and justify this notion of groundedness.

Definition 3.2. A set @ of defaults isgroundedif and only if ® = (J,>,©», where
6o =0, and
Onp1={8€O: C(O,) Ew P©)}.
l.e., ®,41 is the set of all defaults fror® that are admissible i®,, .
It is clear that if I" is grounded therd™ C Ad(I"). Notice that for any default theory

(W, A) there will be several grounded s&bsC A. But just becaus® is grounded does
not mean that it is a set of defaults that we need to accept (that are triggered in some
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extension): groundedness provides only a (weak) necessary condition: classical extensions
are grounded in the above sense (proof in Appendix A).

Theorem 3.3. Let I be a classical extension for a default thearyy, A); then I is
grounded.

We are now ready to give the definition of general extensions for arbitrary default
theories. We will identify such extensions with triple§*, '™, I'*) of sets of defaults,
in which I"'t is the set of defaults explicitly triggered,™ is the set of defaults explicitly
conflicted inI"* or pre-empted id"*, andI"* (the set of “potentially admissible” defaults)
expresses thdegree of cautiorof the extension. In general, the largg¥, the smaller
I'*t, so that the size of™* is proportional to theautionof '™ and hence it is inversely
related to its credulousness. In the formal development, as we will see (Theorem 3.8), this
is reflected in the fact that general extensions can be obtained by an iterative process which
is monotonidn I+ andI"~, butanti-monotonidn I"*.

Definition 3.4. A general extensiofor a default theoryW, A) is a triple(I"t, '™, I'*)
of sets of defaults from\, such that:

e I'" andr"~ are disjoint;

o the following two fixpoint equations are simultaneously satisfied:

rt={s c(rt)Ew P® & C(rt) Ew -C®) &
C(I*=rI~)FEw=J@)}:

r-={s c(rt)yEw-Cc@®orC(rt)Ew-J©}

o AdI't)yCI* C{s: C(I'Y) ew —P(8)).
In words: "'t is the set of all defaults admissible Ii™ but neither conflicted id™* nor
pre-empted inl™* — I'™); I'~ is the set of all defaults either conflicted or pre-empted in
I't; andI'* is a set of defaults containing all default admissiblelir and only defaults
whose pre-requisites are consistent withi"+) (the latter condition is intended to capture
the fact tha® is “potentially” admissible in"+).

From the definition it follows immediately that {i"+, ", I'*) is a general extension,
every defauls in ' is admissible in"+, i.e.,I'* € Ad(J" ). Recall that we restricted out
attention to default theorig$V, A) with W propositionally consistent: we can see now that
nothing is lost by that assumption, forW is propositionally inconsistent, thed, A, ¢)
is the only extension of the theory. The following theorem shows that this definition of
general extension coincides with Definition 1.4 in the case of categorical theories.

Theorem 3.5. Let (W, A) be a categorical default theory and™*, I'™) an extension in
the sense of Definitich4. Then(I"t, I'~, A) is an extension in the sense of Definiti#.
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We are going to be interested in extensions thatngirémal according to the ordering
defined below.

Definition 3.6. Let (I'T, ', I'*) and (1, ®—, ®*) be 3-tuples of sets of defaults.
Define an ordering by putting™*, I'=, I'*) < (@1, ©~, ©%) iff:

r*cet and r~-ce  and ©*cr*
We now state the analogues of Theorems 1.5 and 1.6 (proofs in Appendix A).

Theorem 3.7. Let I'* =, I, be a classical extension for a default thea#y, A).
Put

I = {8: 8 conflicted or pre-empted iﬁ+};
r*={s: s admissible inm+} = Ad(I"*).
Then(I"'t, '™, I'*) is a general extension faqiv, A).

Theorem 3.8. Let (W, A) be a default theory. Then
(i) every default theory has an iteratively definable general extension
(ii) such an extension is-minimat and
(i) any minimal extension fai, A) is grounded.

Theorem 3.9. Let (I't, '™, I'*) be a<-minimal extension for a default theo(W, A).
Then(I"'t, I'~, I'’*) can be obtained as the limit of an inductive construction of the kind
given in the proof of Theore8.

4. Examples, continued

Example 4.1 (Cumulativity. Consider the theorgW, A), whereW = @ andA comprises
the two defaults:
: vVg:.—
61 = -P and §; = w
p -p

Cumulativity is the property that if a default is triggered in all the extensions of a theory,
adding that default’s conclusion to the world descriptidhshould give a theory that
has the same extensions as the original one. This is related to the property of cautious
monotonicity (if a “theorem” is added back to the set of facts from which it was deduced,
then the set of “theorems” should not change), but it is not equivalent to it, as we will see.
In the above example, using Reiter’'s notion of extension, cumulativity fails: the above
theory has one extensiafi triggering the first default, therefor€(I") =w p Vv ¢; but
the second default cannot be triggered because pre-empted. Now consider the theory
(WU {p Vv q}, A). This modified theory gains an extension, in which the second default
rather than the first is triggered.
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Let us see what happens with general extensions. The thi#ana) has two general
extensions: a minimal oné€y, @, A) and a honminimal onggz, 82, 82), in which 8, is
triggered and, ruled out.

When we addp v ¢g back into the world descriptio’, we obtain a new extension,

(82, 81, 1), triggering the second default and ruling out the first. Therefore, cumulativity
fails also for the notion of general extension. Notice that this counterexample to
cumulativity is also exactly the counterexample used by Makinson [20] to establish that
defeasible consequence defined as intersection of classical extensions is not cautiously
monotonic. We will see, however, that this does not preclude Cautious Monotonicity from
holding when defeasible consequence is defined as intersection of general extensions, since
adding the “theoremp v ¢ back into the world descriptioW givesnewextensions, but no
newminimal oneslin particular, although the new theory has more extensions than the old
one, thantersectiorof the extensions (i.e., the set defaults triggereeMeryextension) is

the same.

Itis worth noting here that Brewka’s Cumulative Default Logic is, of course, cumulative,
whereas for Delgrande’s et al. Constrained Default Logic cumulativity fails except in the
categorical (prerequisite-free) case.

Example 4.2. Consider a default theog, A), whereW is empty andA comprises the
two defaults

51=£ and 52=q._|p.
p

-p

This example is particularly interesting, since it highlights the intuitions behind the
present approach and the extent to which it delivers counter-intuitive results. The point is
that in the (unique) minimal extension @¥, A), neither default is triggered and neither is
ruled out. This is due to the basic “skeptical” intuition behind general extensions: defaults
that arepotentiallypre-empted are not triggered. In the minimal extensigis potentially
pre-empted by-p (the conclusion of2), and§, is potentially pre-empted by (the
conclusion ofs1). The way things are set up, it does not matter that there is nosway
will ever be triggered, since its pre-requisités not entailed by the conclusions of any of
the defaults inA.

To some extent this state of affairs is unsatisfying: sifi3oeannot possibly be triggered,
it should not be allowed to prevent the triggeringdaf Let us notice that there seems
to be different intuitions at work here: on the one hand there is the idea that “potentially
pre-empted” defaults should not be triggered, on the other hand there is the intuition that
defaults that are not even potentially admissible should be ruled out. In some cases, such
as the present one, these intuitions appear to be in conflict.

Notice that the theory also hasmpnminimalextension that avoids the problem by
triggering§1 and (consequently) ruling odp. For the time being, this is where we are
going to leave the matter. We will come back to this question in Section 6, and indicate
alternative ways in which this problem can be solved.

Example 4.3. Consider the default theorg, A) with W = {p} and A comprising the
following defaults:
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=24
q
s,=1-9
r
SS_Q-‘I’
-r
84 = ﬁq,
S
LS
85=—.
5 t

This example is tended to highlight features of general extensions that are not brought
out by the previous examples. Let us consider the different defaults. Défaslalways
triggered: its pre-requisite is entailed B, and it cannot be pre-empted since the negation
of its justificationg is not entailed by the conclusions of any of the defaults. Things are
different for the pair of default§; andés: onced is triggered, they are both admissible,
and neither is (potentially) pre-empted. However, they cannot both be triggered since they
have contradictory conclusions. This state of affairs is a “diamond”, analogous to the one
of Fig. 1. At the diamond, extensions split. Finally consider the two defaylend ds:
the latter cannot be triggered initially, because potentially pre-emptetd.blowever,
as soon as$; is triggeredd, is ruled out (because pre-empted), removing any obstacles
to the triggering ofss. In conclusion, the theoryW, A) has two minimal extensions,
one extension triggeringy, d2, and ds; and the other extension triggerirdg, 53, and
8s. In the first extensiods andds are ruled out and in the secoidd and 4 are ruled
out.

5. Defeasible consequence

First, it will be convenient to introduce an abbreviated notation for extensions: we
will use boldface uppercase Greek letters to stand for triples of sets of defaults, as in
=", r-,r*. Similarly, given sequences of sets of defaulfs, I,, and ¥, we
write I, for (I, I, IF). If T, is a sequence of sets of defaulisx 0), we write limI",,

n >

for the uniquel’ = (I"'*, ', I'*) such that:

rr=\Jrt. r=r;. r=r.
n=0 n=0 n>0
Finally, to simplify notation still further we write jus¥ + ¢ in place of W U {¢}.
Now we take up a property of general extensions closely related to cumulativity.
Appendix A contains a proof of the following theorem.

Theorem 5.1. Let (W, A) be a default theory, and suppoFeis a 3-tuple of subsets of
such thatC(I"' ) =w ¢. Thenr is a general extension faiW, A), if and only if it is a
general extension fofW + ¢, A).
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The above result shows that any extengibri, I'~, I'*) remains such when we adjoin
one of its consequences to the world description. This by itself does not tell us anything
about extensions other thaR ™, ', I'*). In particular, it does not establish cumulativity.
Recall that cumulativity is the property that ¢f is supported in every extension of a
default theory(W, A), then the theor(W + ¢, A) has the same extensions @g, A).
Cumulativity fails for general extensions just as for classical extensions (see Example 4.1).
But this, as we will see, still allows us to define a cautiously monotonic relation of
defeasible consequence based on general extensions. It is perhaps worth recalling that
Example 4.1 is precisely Makinson’s counterexample to cautious monotony for defeasible
consequence based on classical extensions.

We also record here that Cumulativity fails for Constrained Default Logic, which
is, on the other hand, both Semi-monotonic and Orthogonal. A comparison of General
Extensions and Constrained Default Logic is summarized in Fig. 2.

For the purposes of this section, in the light of the characterization of minimal extensions
given in Theorem 3.9, we refer to a sequetteas aconstruction sequender a theory
(W, A), if the following conditions are met:

Q) Iy =ry =9

(2) Iy isthe set of all defaults from whose pre-requisite i#-consistent;

3) Fnjl is a maximal set of defaults such that:

(8) C(I,Fu T, ) is consistent;
(b) everys € I\, | is admissible inf’,F;
(c) nodefaults € I';\; is pre-empted in* — I,7;

(4) I, ,=1{38:  pre-empted or conflicted iﬁnle};

(5) I, =1{8: C(IL ) FEw —P©®)}.

Definition 5.2. Let (W, A) be a default theory. Then for any senterceve say thaty
is adefeasible consequeno& (W, A), written (W, A) |~ ¢, if and only if C(I'") =y ¢,
wheneverl is a<-minimal extension of W, A).

So we defing~ skeptically by taking the intersection of all (minimal) extensions of the
theory, i.e., all extensions that can be obtained by an inductive process of the same kind of
the one given in the proof of Theorem 3.8. The following then is an immediate consequence
of the definitions and Theorem 3.8.

Theorem 5.3. If (W, A) |~ ¢, then for every construction sequenkg, I's, ... there isn
such thatC(I,h) Ew ¢.

‘ H Cumulative | Semi-monotonic| Orthogonal Cautiouslymonotonio‘

Gen Ext No No No Yes

ConDL No Yes Yes ?

Fig. 2. Comparison of General Extensions and Constrained Default Logic.
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We need to verify that- is indeed a well-behaved notion of defeasible consequence, in
that it satisfies the conditions of Reflexivity, Stability, and Cut. However, such properties
were formulated for a relatign- that holds between sentences, whereas the relation defined
above holds between a default theory and a sentence. Accordingly, we need to reformulate
such properties in order to take this fact into account.

(1) Reflexivity if ¢ € W then(W, A) ~ ¢;

. . L (WA e, (W, A)
(2) Stabilityor Cautious Monotonlcm,'( )¢, ( )| I//;

W+o, M)y
W, e, (W, Ay
W, Ay

(3) Cut

Theorem 5.4. Suppose(W, A)~¢ and letI' = limI',, be a minimal extension for
(W 4+ ¢, A). Then there is a minimal extensié = lim @,, for (W, A) such thatl' < 6.

This theorem shows that although minimal extensiong¥or A) start out more slowly
than extensions fofW + ¢, A), they eventually “catch up”. Of course, the proof of
Theorem 5.4 depends crucially on the minimalitylaf

Theorem 5.5. Suppose(W, A)~¢ and let I' = limI',, be a minimal extension for
(W + ¢, A). Then there is a minimal extensié = lim @,, for (W, A) such that® < I.

Theorem 5.5 is the converse of the previous Theorem 5.4 and, in a sense, the crucial
result in the paper. Theorem 5.5 is what is needed to establish Cautious Monotonicity for
I~ and, characteristically, this is where the mathematics itself becomes interesting. The
reader is referred to the Appendix A for the proof: here we only note that in a somewhat
unexpected twist, the proof of Theorem 5.5 makes use of Theorem 5.4.

Notice that if(W, A) |~ ¢ then (by the two theorems above) every minimal extengion
for (W + ¢) is between two minimal extensio® andIT for (W, A),i.e.,© < T <II.

By minimality we have® =TI = I, so T is an extension fo(W, A). This shows that
every minimal extension faftW + ¢, A) is a minimal extension fofW, A).

The converse also holds: lef be a minimal extension foW, A). Then, by
Theorem 5.1, is an extension fokW + ¢, A): we need to see that it is minimal. If
not, then there is an extensi@ for (W + ¢, A) that is properly below: ® < I'. By
Theorem 5.5 there is an extensifinfor (W, A) such thatlT < @. By transitivity, we get
IT < I', contradicting the hypothesis thEtis a minimal extension fofW, A). This shows
that every minimal extension f@#, A) is also a minimal extension f@gW + ¢, A). Thus
we have established the following:

Theorem 5.6. SupposéW, A) ~¢. Then(W, A) and (W + ¢, A) have exactly the same
minimal extensions.

It is now clear why failure of cumulativity does not preclude the relation of defeasible
consequence (as based on general extensions) from being cautiously monotonic: by adding
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the “theorem’y back into the world descriptioW we do get new extensions, but such new
extensions are not minimal. This fact is exploited in the proof of Theorem 5.7 below.

Theorem 5.7. The relationj~ satisfies the properties of Cut, Reflexivity, and Stability.

6. Alternative developments

In this section we consider alternative developments of the theory of the foregoing pages.
First, we take up the case of semi-normal default theories. Such theories are shown to have
a uniqgue minimal extension, so that defeasible consequence appears to have a particularly
simple definition for semi-normal default theories. Second, we identify certain particular,
“optimal”, extensions of semi-normal default theories and argue that in some cases they
might provide more intuitive results, especially in the light of Example 4.2. It is not clear,
however, that optimal extension can still give rise to a cautiously monotonic notion of
defeasible consequence. Finally, we identify a variant of the notion of general extension
that, although slightly more complicated than the one of Section 3, seems also to take care
of the problematic case of Example 4.2.

6.1. Semi-normal theories

Recall that a default is semi-normal if its justification implies the conclusion, e.g.,
because it contains the conclusion as a conjunct. A theory all of whose defaults are semi-
normal is also called semi-normal. Semi-normal default theories form a natural and well-
behaved class. They were first introduced by Reiter and Criscuolo [31] to handle conflicts
among defaults and to block certain unwanted instances of transitivity of implication. In
this sense, they seem sufficient for most purposes in knowledge representation. However,
with Reiter's notion of extension, and in contrast to the classasmal default theories,
semi-normal default theories might fail to have an extension. It then becomes interesting to
notice that using the notion of general extension not only are these theories guaranteed
to have an extension (as they are with many other notions of extension), but they are
guaranteed to have a uniquely minimal one.

Theorem 6.1. Every semi-normal default theory has a unique minimal extension.

The reader is referred to Appendix A for a complete proof, but it is worth noting here
the basic conceptual fact that the proof exploits. We have seen that the proof of the fact
that every default theory has a general extension proceeds by a genuine inductive process.
However, such a process is nondeterministic. In particular, in the categorical case, we begin
by puttingI'},;" = o =4, and for the inductive step we chooselaérl a maximal set of
defaults all having the following properties: (i) the conclusions of defaults;inJ F,;jrl
form a consistent set; and (ii) no default[fj;1 is pre-empted imA — I',~ (the other set

I, , is determined by the choice &, ,).

But now we are dealing with a semi-normal default theory. In particulasgmai-normal
default can be conflicted (relative to any set of defaults) without being already pre-empted
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(relative to that set of defaults). It follows that the above nondeterministic definition can
be replaced by a deterministic one, letti J:Ll be the set ofall defaults that are not
pre-empted inA — I,,~. By the previous remark, this ensures consistency of the set of
conclusions as well.

This appears to vindicate the view, put forward by Horty et al. [15], that a cautious theory
of defeasible inheritance should déaectly skeptical by defining the set of skeptically
acceptable conclusions in a direct way, and not via detour through the intersection of all
credulous extensions. Such a view has been challenged by Makinson and Schlechta [21],
but now it appears that at least in the case of semi-normal default theories such a directly
skeptical approach is indeed viable. In fact, in the case of a default thBgm) having a
leastextensionl"*, '™, I'*), we have that for any,

W, Ao < C(I'") Ew e

Then the set of the skeptically acceptable conclusions warrantgél bhx) can be obtained
by simply giving the (deterministic) inductive process of the proof of Theorem 3.8, as
amended in Theorem 6.1.

Moreover, it is possible to piggy-back a relation of defeasible consequence for arbitrary
default theories on the relatign defined above, restricted to semi-normal ones. In other
words, for each sett of defaults letSN(A) the result of replacing each default

oa:p by ot:,B/\y.

Then one could define for an arbitrary default the@; A), (W, A) ~SN ¢ iff
(W,SN(Q)) ro.

Indeed, the switch from a default theory to its semi-normalized version is a natural and
well-motivated move (see Reiter and Criscuolo [31] or Delgrande et al.—in fact, the latter
argue that it is reasonable to replace arbitrary defaults by categorical, semi-normal ones [7,
p. 193)).

6.2. Optimal extensions

We noticed, in discussing Example 4.2, that some of the problems with the minimal
extension of the theory discussed there could be obviated by stepping up to a nonminimal
extension. The problem, of course, is that in general there will be several nonminimal
extensions to choose from, and there seems to be no principled way to single one out as
privileged.

It turns out that this problem has a solution in the case of semi-normal default theories,
for which we can identify, following Manna and Shamir [22], certain extensions as the
“optimal” fixpoints of a certain monotonic operator. We begin by introducing such an
operator, along with the necessary auxiliary notions. In this section, given a default theory
(W, A) we refer to arbitrary tripled” = (I't, '™, I'*) of subsets ofA as pseudo-
extensionslf a pseudo-extensiolr satisfies the additional condition that™ and "'~
are disjoint, andI't € r'*, then it is called apotential extensionMoreover, as we
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did also elsewhere in the paper, we assume that the background world-desdiipion
consistent—otherwise, there is only one extensiom, ).

Definition 6.2. Given a semi-normal default theotW, A), define an operatar over the
class of pseudo-extensions {d¥, A) by puttingz(I') = ©, where:

O ={s: § is admissible in"*+ and

3 is not pre-empted if™* — "'~ relative toW};
®~ = {5: § pre-empted or conflicted i®* relative tow};
®* = (§: P(8) is consistent wittC(©T) relative tow}.

It is immediate to verify that is a monotone operator over the class of the pseudo-
extensions, i.e., iT" < @ thent(I') < 7(O®). We are going to be interested in the fixed-
points ofz, i.e., pseudo-extensio® such thatr (@) = @. Of course, these fixed-points
need not be extensions in the usual semseill have many fixed point® in which®+
and®~ will not be disjoint, or in which® ™ is not a subset a®* — ©~.

This is where Manna and Shamir [22] come to the rescue. Following their terminology,
say that a collectiod of pseudo-extensions is-consistenif and only if any two pseudo-
extensions i€ have an upper bound @ i.e., if ' and® are inC then there is a pseudo-
extensionT such that bot” < IT and® < IT1.

Now letP€ be the set of alpotentialextensions fo(W, A). It is then possible to verify
that:

(C1) Any <-consistent subset 1€ has a least upper bounde€.

(C2) Any nonempty subset *¢ has a greatest lower bound®t.

Definition 6.3. Let I be a fixed point ok . ThenT is calledintrinsic if for any other fixed
point® of t, the sef{I', ®} is <-consistent. The largest intrinsic fixed pointwofs called
optimal (See [22, p. 419].)

Theorem 6.4. Let (W, A) be a default theory, an®& the collection of all potential
extensions fo(W, A). ThenP€& contains an optimal fixed point af

This is just an application of Theorem 3 of Manna and Shamir [22, p. 417] using
conditions (C1) and (C2).

Theorem 6.5. Let (W, A) be a semi-normal theory, and suppd3és a potential extension
that is also a fixed point of. ThenI is a general extension faw, A).

It follows from the theorem that every semi-normal default theory has a unique “optimal”
extension. It is easy to check that the nonminimal extension of the theory of Example 4.2
is also the unique optimal extension. It appears then that optimal extensions, at least in the
case of semi-normal default theories provide a viable alternative to minimal extensions,
an alternative, moreover, that seems capable of avoiding any residual degree of counter-
intuitiveness of minimal extensions.
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Itis immediate to use optimal extensions to define a relation of defeasible consequence:
just say that(W, A) i~ ¢ if and only if C(I'") =w ¢, whereT is the optimal extension
of (W, A). However, we do not know at this stage if optimal extensions can support a
relation of defeasible consequence that also satisfies Cautious Monotonicity. The crucial
role played by minimality in establishing Cautious Monotonicity whwers defined using
minimal extensions makes it at least not obvious that this property carries over to optimal
extensions.

6.3. “New twist” extensions

The problematic case given in Example 4.2 suggests a variant of our notion of extension.
Recall that the problem with Example 4.2 appeared to be that we allowed defaillts in
even though they were not even potentially admissible, in that their pre-requisite was not
a logical consequence of conclusions of defaultziinNow, as we remarked, this is in
keeping with the intuition that potentially pre-empted defaults should not be triggered,
independently of whether the pre-empting defaults are themselves potentially admissible.

However, the further intuition that defaults that are not even potentially admissible
should be ruled out can be incorporated in a rather straightforward way into our definition
of extension. This has the cost of complicating the proofs somewhat, but appears at the
same time to take care of whatever residual degree of counter-intuitiveness the notion
of extension might have. Below we consider general extensions with this “new twist”,
appropriately referred to as “NT-extensions”.

Definition 6.6. An NT-extensiorfor a default theory W, A) is a triple ("', I' =, I'*) of
sets of defaults frons\, such that:

e '™ andI"~ are disjoint;

¢ the following two fixpoint equations are simultaneously satisfied:

r*={s: § admissible in"* & § not conflicted in/"+ &
8 not pre-empted iT™* — "'~ };
r—= {8: 8 conflicted or pre-empted iﬁ+} U
{8: =P(8) is W-consistent withC (I'* — ') };

o Ad(I'T) C I'* C{8: P(8) is W-consistent withC(I"+)}.
Thus,I"* is the set of all defaults admissible If™ but neither conflicted in"* nor pre-
empted in(I"* — I"'"). On the other hand; ~ is the set of all defaults either (i) conflicted
or pre-empted it or (ii) whose pre-requisite is not implied by the potentially triggered
defaults. Finally/"* is a set of defaults containing all default admissibldif and whose
pre-requisite is consistent with(I" ).

It is now upon us to show that the theory of general extension carries over to NT-
extensions. However, there is no obstacle to doing so, except perhaps the cost of the
added complication in proofs resulting from the “new twist”. As evidence of this, we
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give the extension-existence theorem for NT-extensions, whose proof can be found in the
Appendix A.

Theorem 6.7. Let (W, A) be a default theory. Then there is an iteratively definable NT-
extensior® for (W, A).

To see how this works, let us take up again Example 4.2. Recall that we had a default
theory(W, A) with W empty andA comprising the defaults:
q:7p

-

(Sl:i al’ld 52:
p

SinceC(A) ¥w ¢, the defaul$; is not even potentially admissible it and therefore not

even potentially admissible in ar@* C A. It follows that if @ is an NT-extension for

the theory, therd, € ®~. Thus, 81 is no longer pre-empted i®* — ®—, and therefore

81 € ®T, as one would expect. Indeed, it is easy to see {hatsy, §1) is the only
NT-extension of the theory. However, as we know, it is not the only general extension.
Therefore it appears that the net effect of switching to NT-extensions is to eliminate
some of the minimal extensions. In this sense, this solution to the problem presented by
Example 4.2 is analogous to the one in which one steps up to a nonminimal (e.g., optimal)
general extension.

7. Conclusions and comparisons

As we have seen, the present approach has two main technical fallouts, namely the fact
that extensions are always guaranteed to exist and the fact that general extensions allow for
the definition of a well-behaved relation of defeasible consequence.

7.1. Existence of extensions

The former problem, that of the existence of extensions, has long been considered one
of the basic problems of default logic. This problem has been analyzed from the point of
view of computational complexity in [9,10,16,32]. In these works, broad classes of default
theories have been singled out, for which extensions (in Reiter's sense) can be proved
to exist. One such class comprises thidered default theoriesf [9,32]. An even more
general approach is advocated in [27], where it is shownethan default theorieslways
have extensions. Indeed, there are reasons to believe that, within the framework of Reiter's
approach, the result of [27] is optimal and cannot be improved upon.

Several proposals have been put forward for somewhat different notions of extensions
for default theories to solve this problem. As mentioned extensions always exist
according to the notions of extensions proposed by tukaszewicz [18,19], Brewka [6],
and Delgrande et al. [7]. However, these proposals are characterized by an essentially
different interpretation of réle of the justification of a default. According to the original
intuition of Reiter [30] (which is adhered to in this paper) the justification of a default
is to be interpreted as a mecensistency conditioon the “triggering” of the default.
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This allows, for instance, for the simultaneous triggering of defaults having mutually
inconsistent justifications (provided, of course, that the conclusions are not in turn also
inconsistent). This sometimes leads to counter-intuitive results as in the “broken-arms”
example of Poole [28] (discussed in Section 2).

There is a second interpretation, championed for instance by Delgrande et al. [7], that
rather views the justification of a default as a “working hypothesis”, whose truth (as
opposed to its mere consistency) is to be assumed until and unless there is information
to the contrary. This intuition quite naturally leads to the so called “commitment to the
justifications”, one of whose consequences, for instance, is that defaults with mutually
inconsistent justifications cannot be simultaneously fired, in spite of the fact that their
conclusions might be consistent. In other words, the intuition behind this interpretation
is that we cannot entertain inconsistent working hypotheses, and that therefore the truth of
these working hypotheses should be assumed not only in each individual firing of a default,
but also across firings of different defaults.

Itis important to observe that extensions (in any of the senses available in the literature)
for default theories can rarely be constructed (when they exist) by meansuofiaative
processof the sort in which defaults are successively assessed for some kind of property
that can guarantee their belonging to the extension being constructed. On the contrary, in
most cases, we first have to “guess” a®etbf defaults and then check that it does indeed
satisfy the equation defining extensions.

This seems to be connected, at an intuitive level, with the fact that the notions of
extension employed by Reiter and many others are intrinsically “two-valued”, in the
sense that such extensions contain the consequences of a maximal set of defaults whose
justifications are consistent with the extension itself. This means, among other things, that
the triggering of a default can only be prevented if its justification or conclusion is explicitly
refuted. Let us informally refer to an approach to default logic as “bold” if it shares this
feature that any admissible default not explicitly pre-empted or conflicted is triggered. The
formal counterpart to this idea is thameset of defaults is used to accomplistwa-fold
task, namely the specification of which defaults are triggered and which defaults are pre-
empted.

On the other hand, the notion of extension employed in this paper is essentially “three-
valued”, similarly to the one put forward in [1] for defeasible inheritance networks, and
equally inspired by an analogy to Kripke’'s [17] approach to the theory of truth. When using
general extensions, a default having a sentgragits justification (and whose conclusion
is otherwise consistent) is prevented from being triggered if and only is not explicitly
rejected. With Reiter’s notion of extension, a default having a sentgmasats justification
can be prevented from being triggered if and onhydf is explicitly asserted. As a further
difference, contrary to Reiter’s extensions, extensions of the sort proposed here can in
many cases be obtained as the limit of a genuine inductive construction. By this we mean
that general extensions can be constructed “from below” in stages. With the usual notion
of extension such a construction from below is possible only when the thessnis
monotonig a desirable feature that is not always easy to enforce (see [7] for a discussion
of the desirability of semi-monotonicity and the ways it can be achieved).

The intuitions at the basis of the notion of general extension here proposed are quite
different also from those underlying the approach of Lukaszewicz, Brewka, or Delgrande
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et al., and this in spite of the superficial resemblances. If Reiter’'s notion of extension is

to be generalized in such a way as to allow every default theory to have an extension, our
proposal generalizes in a different direction from the one of mentioned above, a direction
giving rise, as we have already seen, to quite different mathematical properties (some of
these properties are summarized in Fig. 2).

This is perhaps the right place to point out that an approach somewhat similar to ours
has been developed for logic programming. A “three-valued” or “well-founded” semantics
for logic programs has been developed by van Gelder et al. in [13], and has found what is
perhaps the most general formulation in the notion of “stable model” of Fitting [11]. And of
course, similarities between logic programs and default theories have long been known (see
Przymushski [29], who applies such three-valued models to defeasible representational
formalisms, although not explicitly to default logic).

However, the approach of this paper differs from the above, first of all, in being “three
valued” only in inspiration. In particular, the underlying logic is thoroughly classical. The
“three valued” intuition is rather cashed out by identifying extensions for default logic
not with sets of sentences or defaults, but wikhrs (or, later, triples) of such sets.

This allows for a more concrete representation of extensions, whose properties can then
be more easily investigated. Moreover, the present approach gives rise, when applied to
arbitrary default theories (as opposed to “categorical” or “prerequisite-free” ones), to both
monotonicandanti-monotonigrocesses that in general do not seem to arise in the well-
founded approaches to logic programming, except in the general approach of Fitting [11].

7.2. Defeasible consequence—again

We now come to the second technical fallout of the notion of general extension, namely
the definition of a well-behaved relation of defeasible consequence.

Using the notions of extension for Default Logic available in the literature, there are
several ways in which we can define, given a default theory having multiple incomparable
extensions, a relatiop-:

(1) We can decide to beredulousand say thatW, A) ~ ¢ precisely wherp follows

from (the set of conclusions of defaults Bpmeextension of W, A).
(2) We can arbitrarily pick an extensidn among the many possible, and decide that
(W, A) ~ ¢ just in casep follows from (conclusions of defaults if).
(3) We can beskeptical and say that(W, A) ~¢ just in caseg follows from
(conclusions of defaults irgll extensions ofW, A).
All three alternatives have drawbacks. Alternative (2) is not acceptable unless we have
a principled way to make such a choice Bf Alternative (1) can lead us sometimes
to endorse contradictory statements. Alternative (3) is the one that best resonates with
certain intuitions about defeasible reasoning, e.g., the fact that defeasible reasoners should
be cautious in drawing their inferences (see Horty et al. [15] for a general argument in
favor of skepticism in defeasible reasoning), but it seems to be going about it the wrong
way. It does not appear to be an appropriate “implementation” of skepticism to generate
all possible extensions of a theory and then take the intersection. The contrast here is
with a “directly skeptical” approach that would generate the set of conclusions that are
skeptically acceptablwithout going through the detour of first generating all credulous
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extensions. Moreover, if feasibility of computation is an issue at all, the “intersection-of-
extensions” approach is by far the least resource-oriented. To clinch matters, as shown by
Makinson [20], the intersection of extensions approach using Reiter’s notion, simply does
not give rise to a cautiously monotonic relation of defeasible consequence for default logic.

The cautiously three-valued character of general extensions is responsible for the fact
that at least in some important cases there is a natural definition of a notion of logical
consequence for default theories. In particular, as we have seen, in the case of semi-normal
default theories, there is a privileged (unique minimal) general extension which can be
used to define a notion of defeasible consequence. (It is also worth remarking that at
least in the case of semi-normal default theories the least extension can be obtained by
means of a genuine inductive construction—in this being similar to, e.g., “prerequisite-free
constrained default logic'RfConDL) of [7], which also allows for a similar construction,
but using quite different underlying intuitions.)

In contrast, there is no privileged extension in any of the senses of Reiter [30],
tukaszewicz [18,19], Brewka [6] or Delgrande et al. [7]. In fact, extensions are always
taken to be maximal, meaning that any two distinct extensions areomparable, if not
outright mutually inconsistent.
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Appendix A. Proofs of selected theorems

Theorem 1.5. Let I't be a classical extension for a categorical default the@iy, A),
and put

'~ ={s: é conflicted or pre-empted in'*},

then(I"*, I'"") is a general extension faiv, A).

Proof. From the hypothesis thdt™ is a classical extension we know that it satisfies
rt={sea: c(rt)Ew-J©®}.

First we note that™+ and "~ are disjoint: if§ belongs to both™* and "~ then (from

the latter) we have that eithéris conflicted inf"* or § is pre-empted in"+. The second
alternative is impossible, sinéeis in ' (and henceot pre-empted i T); therefore it

can only be thas is conflicted inI" ™, i.e., C(I'") =w —=C(8). Sinces$ itself is in I't,

we have that (I"") is W-inconsistent and any default is pre-empted in an inconsistent set
of sentences. It would follow thatis pre-empted i after all, which we have already
ruled out. We conclude that there cannot be any such
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So we need to show that the p&irt, ') satisfies the pair of fixpoint equations of
Definition 1.4. In turn, we observe that the second of such equations, namely

r~—={8c(I't)Ew-C@ orC(I'") Ew —=J©)},
is satisfied by definition of ~. So we need to establish that
rt=1{8c(rt) Ew-C@® & C(A-TI") Ew-J©®)}.

So what we need to show is thatis not pre-empted i if and only if it is neither
conflicted inI"* nor pre-empted im — "~

C(rt) ew —J©®) < C(I'") ew —C(6) & C(A —T7) w =J (3).

In turn, this claim breaks down into the following, which need to be separately established:

(1) c(Irt) Ew—J@) onlyif C(I't) Ew =C(8) or C(A — I'") =w —J (8);

(2) C(Ir't) Ew =C©) onlyif C(I't) l=w —J (8);

(3) C(A—=T") =w—J(@) onlyif C(I't) Ew —J(9).

Part (1) establishes the converse implication, while parts (2) and (3) together suffice for the
direct implication.

For part (1), assum€(I"") =w —J (8); then there are defauls, ...,5, € I't such
thatC(81), ..., C(8,) =w —J(8); sincel' " is a classical extensioby, ..., 8, are neither
conflicted nor pre-empted it *, whence by definition of"~ we havesy, ..., 8, ¢ I'",
whichisto sayC(A — I'") Ew —J(8). Part (1) follows.

For part (2), suppos€ (I't) =w —C(§). We can assume thal(I"t) is consistent,
because otherwise the conclusi6iI"") =w —J(8) follows immediately. Then, if
C(I''") is consistent, we havé ¢ I't (sinceC(I'") =w —C(8)), and sincel'" is a
classical extension, alsb(I" ") =w —J (8), which is the desired conclusion.

Finally, for part (3), supposé is pre-empted inC(A — I'"), i.e.,C(A—T'") Ew
—J(8). Then there aréy,...,8, ¢ '~ such thatC(s1),...,C(S,) =w —J (). By the
definition of I"~, we know thatss, ..., 8, are neither conflicted nor pre-emptediin’,
and sincel' " is a classical extension, we hadve ...,8, € '™ by Theorem 1.3. The
desired conclusiod (I ") =y —J (8) follows. O

Theorem 1.6. Every categorical default theory has a general extension.

Proof. Let (W, A) be a categorical default theory; we can assume as consistent,
because otherwisés, A) is an extension. We define a general extengipr, I'™),
whereI" T is the union of a sequendQ;L, Ff“, ...and I"" is the union of the sequence
Iy, Iy, ...;inturn, the setd,t andr;,” are inductively defined using an iterative process
similar to the one in [14] or [1].

For the base case puTB“L = I, = ¢, which are obviously disjoint. For the inductive

step, letr’," ; be amaximalset of defaults such that:

(1) c(r,Fur,,) is consistent;
(2) no defaul® € I\, is pre-empted im — I,
(Observe that such a maximal set of defaults always exists, although it might not be

unique.) Forl,_ ,, put

1= {8: 8 pre-empted or conflicted i’ ,}.



96 G.A. Antonelli / Artificial Intelligence 109 (1999) 71-109

As in the proof of Theorem 1.5, it follows thdt" ; andI’,_ , are disjoint.

Next, we show thaf,” € I, ; and I, € I, ,, by induction om. The base case for

n =0 is trivial. For the inductive step, assumig” € I\, and I, € I, ,, in order to

ShOWFn_:—l < Fn_:—Z anan_-l—l < Fn_+2'
Ad T\, ST, Lets eI\ ;. Firstwe show that is not pre-empted im — I’ ;: for

if § were so pre-empted, th€l(A — 1T, ;) Ew —J(8),and sinckA— I, 1) C(A—T})
by the inductive hypothesis, al§(A — I',") Ew —J (8), which is impossible i € F,f;l-
Moreover, by the consistency OT(Fnjl U Fn“iz), we have tha8 cannot be inconsistent
with C(I7,", U Tt ). By the maximality ofl"," , it follows 8 € I,

n+2’ n+2°
Ad I, CT,,, Supposé € I, ,. Thens is either conflicted or pre-empted i’ ,,
and sincel’t ; € I\ ,, we have thas is also conflicted or, respectively, pre-empted in
I, sothats eI, .

This shows that the sequendg$ and T, (for n > 0) are increasing. Put:

rt=Jr;:
n=0
r-=Jr,.
n>0
We verify that(I"*, I' ™) is an extension fo¢W, A). First we observe that + andI"~ are

disjoint (any common membégrwould have had to be put in at some stagéut this is
impossible). Next, we check that the following equation is satisfied:

rt={sC(rt) w —C@ & C(A—r") Fw —~J ()}

In one direction, les € 't and choosé such thai e Fk+. First we show thaé cannot
be conflicted inI"*, for otherwise it would have been conflicted in sofig, and in
particular also inl“nfa)(n’k) which would then have been inconsistent, against construction.
Moreover,§ cannot be pre-empted in — "~ if it were so pre-empted, then for some
81,...,8n ¢ ' we would haveC(81), ..., C(8n) Ew —J(8). Since the sequendg;” is
increasing, the sequen¢a — I',") is decreasingso thats would have been pre-empted
also in some (indeed: everf) — I,,".

For the other direction, we need to show thatsifs neither conflicted inf"* nor
pre-empted inA — I'™ thens € I't. First observe that i is not conflicted inr,
then it cannot be conflicted in ang;". So, if § ¢ '™ it must be becausé is pre-
empted inevery A — I,~. So for everyn > 0, there aress,...,8, ¢ I, such that
C(61),...,C(6m) Ew —J(8). Now for the first time we use the finiteness hypothesid for
sinceA is finite, there are finitely many-tuple of defaults. Since the sequeriee— I,")
is decreasing, some-tuple of defaults pre-empting must be in everyA — I',7), and
hence also ifA — '), against hypothesis. So, there must be séraach that every:-
tupledy, ..., 8, of defaults pre-empting has a member ifi;,. Thend is not pre-empted
in (A —I;7), whences € I\, € I'", as required.

For the second equation, we need to verify

r~—={8c(I't)Ew-C@ orC(Ir'") Ew—-J®)}.
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In one direction, supposge I"~; then for somen, § € I, ,, so thatd is pre-empted
or conflicted inFntrl. This implies that is also pre-empted or conflicted ii*. For the
other direction, supposeis pre-empted im”"*. So there are defaulss, ..., §,, € I'* such
thatC(81), ..., C(6m) Ew —J(8). Findn large enough such thét, ..., §,, € I,". Then

8 eI, € I'". The case fos conflicted is similar. O

Theorem 3.3. Let I be a classical extension for a default theary, A); then I is
grounded.

Proof. Sincel is classicall” = J,~q I», wherelp=¢ and
I,+1={3: 8 admissible inl;, and not pre-empted if'}.

In order to show thaf” is grounded, pu®g = ¥ and®,,.1 = {§ € I'": § admissible in®, }.
We need to show” =, @, i.€.,

Un=Uen

n=>0 n>=0

First we observe that the inclusié®, C I" holds for every:, by definition of®,,. It follows
that( J, 0@ S I

Second, we show that < (J,>o@x. In turn, it suffices to show thalt, < (J,~o O
for every p. We proceed by induction op. For the base casép =0 C U@O ®,. For
the inductive step assuni, € (U, > ©». Supposé € I',+1: in particular is admissible
in I'p. So there are defaults, . .., 8, € I', such thatC(81), ..., C(6,) E=Ew P(8). By the
inductive hypothesis’, < [, > ©», S0 there must bg > 0 such thaby, ..., 5, € 0.
Thens € Og41 € U, ©n, as required.

If we now put® = Un>0 ®,,we havel' = ®. Then we hav&®y =@ and®,,1 ={§
®: § admissible in®,}. So® is grounded and hence solis O

Theorem 3.7. Let I'* = [, I, be a classical extension for a default thea#y, A).
Put

I~ ={s: & conflicted or pre-empted i " };
r*={s: s admissible in"*} = Ad(I"'"*).
Then(I't, '™, I'*) is a general extension faiW, A).
Proof. We modify the proof of Theorem 1.5 as needed. From the hypothesigthas

a classical extension it follows thatdfe '~ thens ¢ I't, i.e., 't andI"~ are disjoint.
Moreover, we know thaf' ™ = J, 5, I',", wherely” = ¢, and

rfo={seca c(r})ew PO &C(I) Ew~J©).

So we need to show that the tripig"+, I'~, I'*) satisfies the conditions of Defini-
tion 3.4. In turn, we observe that the condition

r~—={8c(I't)Ew-C@ orC(Ir'") Ew—-J©®)},
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is satisfied by definition of —, whereas the condition
Ad(rtycr*c{s: c(rt)Ew-pr©)}.

derives from the hypothesis thét is consistent and hene&(I" ) is W-consistent. So we
need to establish that

r*={5:Cc(Irt)EwP@® & C(I'") ew =C©O) & C(I'* = I'") ew —J (9) }.

In other words, what we need to show is that I" ™ if and only if it is admissible i,
but neither conflicted il * nor pre-empted id™* — I~ In turn, this claim breaks down
into the following four parts:

(1) 8¢ 't only if C(I't) Bew P©S) or C(I't) Ew =C(S) or C(I'* — I') =w

—J(8);

2 crH Ew-C@®)onlyifs¢ Ir;

@) CI*—Ir)Ew—-J@) onlyifs ¢ I't;

(4) C(I') ew PS) onlyif § ¢ I't.

For part (1), assumé ¢ I't. SincelI’" is classical, by Theorem 1.3, either @)is
not admissible inr"*, or (ii) it is conflicted inI"*, or (iii) it is pre-empted in"*. The
conclusion follows immediately in cases (i) and (ii). For case (iii) we need to show that if
is pre-empted in" T, then it is pre-empted i@ (I"* — I"~). So supposé is pre-empted in
I'T: then there are defaulss, ..., 8, € I'" such thatC(81), ..., C(5,) Ew —J(8). Since
't is aclassical extensiody, . .., 8, are neither conflicted nor pre-emptedinT, whence
by definition of '~ we havess, ..., 8, ¢ I'~. Moreover, again becaugé" is classical,
we have thasq, ..., §, are all admissible if", and hencéu, ..., §, € I'*. It follows that
C(I'*—r~) Ew —J(8), whence part (1) follows.

For part (2), we have immediately that sinEe is classical, the hypothesis thiag '™
implies thats is not conflicted inf" .

For part (3), supposgis pre-empted ilC(I'* — '), i.e.,

C(r*—r7)Ew-J@©).

Then there aref1,...,8, ¢ '~ such thatC(81),...,C(8,) =w —J(8). In particular,
81,...,8, belong tor* and hence are admissible ifi"; moreover by the definition of
I'~, we know thatsy, ..., §, are neither conflicted nor pre-emptedii. So, sincel"*
is a classical extension, we hasge . .., 8§, € I'™ by Theorem 1.3. The desired conclusion
C(Ir'") E=w —J () follows.

Finally, for part (4), if§ € '™ then§ is admissible inI"*, sinceI"" is a classical
extension. O

Theorem 3.8. Let (W, A) be a default theory. Then
(i) every default theory has an iteratively definable general extension
(i) such an extension is-minimat and
(i) any minimal extension fqi, A) is grounded.

Proof. Part (i) is similar to the proof of Theorem 1.6. L&V, A) be a default theory. We
define a general extensie®™™, I'~, I'*), wherelI'" = 5o I," and '™ = J,>o I,
wheread™ =, I},
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For the base case pﬂB+ =W, I, ={8: & conflicted or pre-empted iﬁ(;L}, andl} =
{8: Iy Ew —P(S)}.

For the inductive step, lef". ; be amaximalset of defaults such that:

(1) cr,fur,,) is consistent;

(2) everys e I\, is admissible in;";
(3) nodefauls € I, is pre-empted i ¥ — I,
(Observe again that such a maximal set of defaults need not be unique.) Moreover, put:

"1 ={8: 8 pre-empted or conflicted ifT," , };
= {8 C(LL) Ew PO}

Next, we show that the sequendes andl’,~ areincreasing whereas the sequentg
is decreasingWe proceed by induction onand show that:

(V) ety
(@ I, CT,

Q) Iy,cI,.

Base case fon = 0: trivially we havely” € I';f. Moreover, if§ € Iy, thens is
conflicted or pre-empted iﬁ0+: then it is also conflicted or pre—emptedﬁ@L , so thats €
Iy . This showsly” € Iy . Finally, if C(I'y") Ew —P(8), then alsoC(I']") Ew —P(8),
so thatr) C Iy

For the inductive step, assunig" < I", and I, € I, ,, aswellasl’} ; € I;F, in
order to show the analogue propertiesior 1 andn + 2.

Ad Tt cIt, Letser . Firstwe show that is not pre-empted i7" , — I ;:

forif § were so pre-empted, then(I', , — I, ;) E=w —J(8), and since by the inductive

hypothesisA — T, 1) C(A-T,),aswellag’’ , C I}J alsoC(I}) —I,7) Ew —J(8),

which is impossible i € I, ;. Moreover, by theW-consistency o€ (I,",, U T’ ), we

have tha cannot be-inconsistent withC (I, U I, ;). By the maximality ofr,", it
follows s € I7," ,.
Ad I, ,CT,., Suppose € I, ;. Thend is either conflicted or pre-empted F;,jl,

n
and sincel"t , € I'".,, we have thas is also conflicted or, respectively, pre-empted in

n+1l = % n42?
I, sothats e I, .
Finally, ad I'¥,, € I'¥,;. This follows from the fact that,., < I,
C(I," ) Ew —P(8) thenalsoC(I7, ) Ew =P (9).
This shows that the sequendgs and I, are increasing wheredy' is decreasing (for

n > 0). Itis not hard to see that the sequenfgsand ;- are disjoint. Now put:

rt=Jrk
n>0

r-=Jr;

n>0

r*=(ry.

n=>0

so that if
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Observe thaC (I"*) must be consistent, given the assumption #at consistent. We
verify that(I"+, '™, I'*) is an extension fo(W, A). First we remark that the sefs" and
'~ are disjoint, since they are the limits of disjoint sequences. Then we check that the
following equation is satisfied:

rt=1{8c(rt)ew PO &C(rt) w —=C@®) & C(I' = ") few —J 9)}.

In one direction, les € '™ and choosé such that Fk+. First we observe thatcannot
be conflicted inI"*, for otherwise it would have been conflicted in somig, and in
particular also irv"nfamk) which would then have been inconsistent, against construction.

Moreover,d must be admissible ilifk+ and hence il . Finally, § cannot be pre-empted
in I'* — I"'~: if it were so pre-empted, then for somg ..., 5,, € (I'* — ') we would
have C(81),...,C(n) Ew —J(8). Since the sequencE,” is increasing, the sequence
(A —I,,) is decreasingso thats would have been pre-empted also in evefy — I,7),
including (I — ;).

For the other direction, we need to show tha#ifs admissible inI"* but neither
conflicted inI"™ nor pre-empted im™* — I'~ then§ € I'". First observe that i§ is not
conflicted inI"*, then it cannot be conflicted in angj,". Moreover, if§ is admissible
in 't it must be admissible irfk+ for everyk greater than or equal to some So, if
8 ¢ I't it must be becausé is pre-empted irevery I, , — I',5,. So for everyn > 0,
there aredy, ..., 8, € (I“ntrp -1y such thatC(81),...,C(8») =w —J(8). Now we
use the finiteness hypothesis far since A is finite, and the sequenad,” — I,) is
decreasing, there is somwe-tuple 81, ..., 3, pre-emptingd and someg > 0 such that
81,...,0m € (1“;,k -I,)) for all p > ¢g. Thené is pre-empted in"* — ', against
assumption. Sé € Fkﬁl C I't, as required.

For the second equation, we need to verify

r-={8c(Irt)Ew-C@ orC(r't) Ew—-J®)}.

In one direction, supposée I"~; then for somen, § € I',_ , so thaté is pre-empted
or conflicted inFn“jrl. This implies that is also pre-empted or conflicted ii*. For the
other direction, supposeis pre-empted i"+. So there are defaulss, ..., §,, € '™ such
thatC(81), ..., C(8m) Ew —J(8). Findn large enough such that, ..., 8, € I,". Then
8 eI, € I'".The case foé conflicted is similar.

Finally, the condition
Ad(rtycr*c{s: c(r+) Ew—-prP©)},

is satisfied by construction. For the first inclusion we observe thatisfadmissible in
't thenC(I'") fw —P(8) given thatC(I'™) is consistent. For the second inclusion,
if C(I'") Ew —P(8), then for somer C(I';") F=w —P(8), whences ¢ I; this implies
) ¢01120Fn*=r*'
We now take up part (ii): we need to show that the extension obtained in the construction
given above is<-minimal. We do this by assuming that for some exteng@mn, ©®—, ©*),
we have

(0T, 07, 0") < (I'", r=, 1*),
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and showing that®@*, ®~, ®*) = (I't, '™, I'*). In turn, by induction om, it suffices
to show:

1) rfcot;

2 I, co;

(3) ©@*c .

In the case for = 0, parts (1) and (2) are immediate. To sh@W C I'j suppose that
8 € ©*. Now, I'§ is the set of defaults whose pre-requisitdlisconsistent (withF0+). If
P(8) wereW-inconsistent, the@ (® 1) =w —P(8), which impliess ¢ @*.

For the inductive step, assume parts (1)—(3)foin order to establish them far+ 1.
From (2) and (3) fon we have(®* — ©~) C (I, — I,,). Now supposeé < Fn“;l; then:
(i) & is admissible in;" and hence also i®*. (ii) § is not pre-empted il — I,") and
hence not pre-empted {®;; — ©,), either. It remains to show thatis not conflicted in
@™, if it were so conflicted, since by hypothegis™ € '™, § would also be conflicted in
I, for somem > n + 1. Sinces € I, , € I,7, we would haveC (I,}) W-inconsistent,
which is impossible in our construction. This concludes the inductive step for (1).

The inductive step for (2) follows immediately from the inductive hypothesis. For (3), we
need to showo* C I'¥ ;. If 8 ¢ I'* ,, thenC(I},, ) Ew —P(8), and sincel," ; C O,
alsoC(®@T) =w —P(8), so thats ¢ O*.

Finally, for part (iii) of the theorem, we show that* is grounded. Pu®g = @, and
O,41= {8 e I'": § admissible in®,}. Ifwe let® = U@O ®,, then as before it suffice to
show® = I't. Asin Theorem 3.3@ C I't is immediate. For the converse inclusion, we
can show by induction on thatI;,f € ©, whence J,>o I}, €. O

Theorem 3.9. Let (I't, '™, I'’*) be a<-minimal extension for a default theo(W, A).
Then(I"t, '™, I'’*) can be obtained as the limit of an inductive construction of the kind
given in the proof of Theore8.

Proof. Suppose we have defined sets of defaélfs, ®,, and®; (the first two subsets
of '™, ', respectively, and the third a supersetitf), in such a way as to conform to
the construction of Theorem 3.8. Then, if we put:

ot=Jof. o ={Jo;. o'=(e.
n>0 n>0 n>0

we have that(@+,®—, 0% < (I't,—,Ir'*), and moreover(®*,®—, ®*) is an
extension. By minimality of '™, ', I'*), we have

(et, 07, 0% =(rt,r-,r,
and the conclusion follows.

So we need to show how to defitg", ©,, and®;;. We define®; = 65 =9, and

6§ = the set of defaults whose prerequisite is consistent. For the inductive step, we pick
as®," , the set of defaultsll drawn from ", that are admissible at the previous stage:

Or ={ser*: c(e))EwP©).
In order to show that this conforms to the construction, we need to establistv fhat

is a maximal set of defaults having the following properties: ©, U @:H) is
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W-consistent; (i) every € @Ll is admissible in@;"; and (i) no default i”@:ﬂ is
pre-empted i@ — O,).
Clearly @Ll has properties (i)—(iii); we need to show that it is maximal with those

properties. Suppose for contradiction that sofng @Ll could be adjoined tc@j+l
preserving (i)—(iii). Then, in particulas, would be admissible i®,", and since ¢ @le
it must be that ¢ '™,

On the other hand, sinc®,” < I'", we have that is admissible in/"*; and since
(I'*—rI=)c(®;—06,),we have thas cannot be pre-empted @™* — ") (not being
pre-empted in the larger set). But since we assugiet, I'~, I'*) to be an extension,
we would haves € I't, contradicting the conclusion reached at the end of the previous
paragraph.

We conclude tha@j+1 is a maximal subset ofA satisfying (i)—(iii). Now, by defining
®,,1 and®; , in the obvious way, we obtain that the sequence thus obtained conforms
to the construction of Theorem 3.8. The lim@@*, ®—, ©*) is therefore an extension and
by construction,

(@t 07, 0" < (Ir't, r-,r).
Minimality of (I"'t, '™, I'*) gives the desired conclusion

Theorem 5.1. Let (W, A) be a default theory, and supposE~™, ', I'*) is a 3-tuple
of subsets ofA such thatC(I"") =w ¢. Then(I"*, I'", I'*) is a general extension for
(W, A), if and only if it is a general extension fgW U {¢}, A).

Proof. We do the case for a categorical default theory, the general case being similar. Since
C(I'") =w o, any defaul$ is conflicted inI"* relative toW if and only if it is conflicted
in "'t relative toW U {¢}. Thus, in order to establish the theorem it suffices to establish
thats is pre-empted imd — I' ™ relative toW if and only if § is so pre-empted relative to
WU {p}.

One direction is immediate: ¥ is pre-empted im — I"~ relative toW then it is still so
pre-empted relative t& U {¢}, by monotonicity of classical logic.

For the converse, assurfiés pre-empted imA — I'~ relative toW U {¢}. Then:

C(A=T7) Ewug = (0); (A1)

But by hypothesisC(I"") =w ¢, and by disjointness of"* and ', also I'™ €
(A — I'"). By monotonicity of classical logia; (A — ') Ew ¢, whence by (A.1) and
Cut (for classical logic), als@(A — ') =w —J(8), as desired. O

Theorem 5.4. Suppose(W, A)~¢ and let I' = limI',, be a minimal extension for
(W + ¢, A). Then there is a minimal extensié = lim @,, for (W, A) such that® < I.

Proof. Since (W, A) ~¢ and every default theory has a minimal extension,llet=
lim IT,, be a minimal extension fai, A) such thaC (I"' ") =w ¢. Letk > 0 be an integer
such that alread¢ (I';") Ew .
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We are going to define a construction seque@ge Form < k we put®,, = II,,. For
k +n (wheren > 0) we put:

O, = amaximal subset oft extendingl,", such that:
(A C(0),,_1U06,,)is W-consistent;
(B) everys € O, is admissible iro, _;;

(C) nos e ®,, ispre-emptedi®;,, | — O, 1

Oy, = {8: 8 pre-empted or conflicted i®;", , relative tow };

Oy, = {81 P(8) is consistent withC(0)',,) relative toW }.

Since any maximal subset &f extendingl’," and having properties (A), (B), and (C) is
also a maximal subset af having properties (A), (B), and (C), we obtain immediately that
@, is a construction sequence and t@at= lim ©,, is a minimal extension fofW, A).

So we need to show < @; in turn, it suffices to show thdf,, < @;.,. This we do by
induction onn.

Casen = 0. Since we have!“o+ =TI, =0, all we need to show is th&®/ , C I'y =
{8: P(8) is W + p-consisterit Now,

Of o= 1{8: P(8) is W + p-consisterit

Since by constructioﬁ'(@,:ro) Ew ¢, we have that ifP (8) is W + ¢-inconsistent then it
is also W-inconsistent WitrC((H),j+0). So if§ ¢ I'y then alsos ¢ O, as desired. This
showsl g < Ogo.

Casen + 1. Assumel’,, < @y, in order to show,+1 < O4,+1. By construction,

L extendsl" ;. In order to provel’, ; € O, ,, recall that by definition:

e n+1’

+
k+n+

ini1 = |8: 8 pre-empted or conflicted i®," . ; relative tow };

1= {8: 8 pre-empted or conflicted if ", , relative toW + ¢}.

Now, if § is pre-empted or conflicted iITnfL1 relative toW + ¢, sinceC(@,:rHl) Ew o
andl ", € ©F,.,, 8 is also pre-empted or (respectively) conflicteds,, ., relative
toW.Sol, €6, .

Finally, ad(~),j‘+n+1 - Fn*+1. We have:

Of 11 = {81 P(8) is W-consistent with®," };
w1 ={8: P(8)is W + p-consistent with" ", . }.

Suppose’ ¢ I'¥ ;; thenC (I, ) w4y —P(8). Sincel,", COF ., andC(O;,, 1)
Ew o, aIsoC((H),:LnH) Ew —P(8), whences ¢ O, ., as desired.

This concludes the induction, showilg< @. O

Theorem 5.5. Suppose(W, A)~¢ and let I' = limI',, be a minimal extension for
(W 4+ ¢, A). Then there is a minimal extensié = lim @,, for (W, A) such that® < I.
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Proof. Sincer is a minimal extension fo(W + ¢, A) and(W, A) i~ ¢, we know from
the previous Theorem 5.4, that there is a minimal extenHidar (W, A) abover (in the
< ordering). Pick such an extension, which will remain fixed for the rest of the proof. We
will show that there is an extension fol, A) belowI': of course it will follow that there
is aminimalextension fo(W, A) belowr .
Such an extensio® that is belowr" (in the ordering<) will be defined as the limit
of an increasing sequence, i.@, = lim@®,. Forn =0 we put®; = ®y =9, and
O =1{8: P(8) is W-consisterit
For the inductive step:
©,r, = amaximal subset off * such that:
(A) C(®,f U, is W-consistent;
(B) everysin @Ll is admissible ir®,! relative tow;
(C) nose @;‘H is pre-empted i@ — ©,", relative tow.
Having done this, we defin®,_ , and®; , as usual as the set of defaults pre-empted
or conflicted in@,;ﬁrl relative toW, and (respectively) as the set of defaults whose pre-
requisite is consistent Wit@;jrl relative tow.
So we can pu® =Ilim ®,,. We need to establish the following:
(1) the sequenc®,, is increasing in the ordering; and
(2) O is an extension fofW, A);
B)oexr.
The proof for the first two items is precisely similar to the corresponding items in the proof
of Theorem 3.8, and we skip it. We concentrate on the last, crucial, item.
To show® < I suffices to show®,, < I' by induction or:. The case forn =0 is easy.
We have(~)5L =@ Cc I, and similarly for©g . Now {§: P(8) is W-consistert= 0 if
P(8) is W-inconsistent then it is als# + ¢ inconsistent withC(I" ), so if § ¢ ©g then
s§¢I* ie,.I'*CO.
Now the inductive step for + 1. We assume thdte @Ll inorderto showthat e I't;
in turn, this is established by proving th&is admissible in"* relative toW + ¢, not
conflicted inI"* relative toW + ¢ and not pre-empted ii'* — "~ relative toW + ¢.
(1) s is admissible in®," relative toW and hence (sinc®," < ') also admissible in
't relative toW + ¢.
(2) By inductive hypothesis, we havel™ — I'") € () — ©,7). Suppose for
contradiction thad is pre-empted ifI™* — I" ) relative toW + ¢. Then

(I'* —=T7) Ewip ~J©).
We show(I'™* — I'") =w ¢, whence
(r*—r=)Ew-J),

which in turn gives (by monotonicity of=w) (0, — ©,7) =w —J(8), which is
impossible.

To prove(I'* — I'") =w ¢: we have thaflT is a minimal extension fo(W, A):
since(W, A) ¢, we haveC(ITT) =w ¢. Sincell is an extension, all defaults in
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IT* are admissible if7* and hence they belong t@*; sincelI*™ andIT~ are
disjoint, we havelT™ € (IT* — IT7). It follows that (/T* — IT~) =w ¢, and since
I <II also(I'* —I'") =w ¢, as desired.

(3) Finally, we show thas is not conflicted inI"* relative toW + ¢. If § were so
conflicted, thenC(I't) w4, —C(8), and sincel’™ C [T, alsoC(ITT) Ew+y
—C(5).

But now, as beforeC(IT1) =w ¢, so CUTT) =w —=C(8). In other words$ is

conflicted infT™ relative toW, which is impossible given thate @Ll cratand

II is an extension fo(W, A).
As mentioned, this giveQLl C I't. From this, we can obtain (using the fact that
S Ew ¢ implies S Ewyy ¢) that®, , € '™ and I'* € Oy . In turn, this gives
O<r. o

Theorem 5.7. The relationj~ satisfies the properties of Cut, Reflexivity, and Stability.

Proof. We take up the different properties in turn. As we will see, Theorem 5.6 will play
a crucial réle.

(1) Reflexivity we need to show that ifp € W then (W, A) ~¢. This follows
immediately: if(I"+, "=, I'*) is any extension (minimal or otherwise) of the theory,
andg € W, then in particulaC(I"' ") =w ¢, so that(W, A) |~ ¢.

(2) Stabilityor Cautious Monotonicitywe need to show

W, ), (W, APy
W+o, M)~y
Since (W, A) ~¢ and (W, A) ~, then for every<-minimal extensionI’ =
(r+,r-,r* of (w,A) we haveC(I'’") =w ¢ A ¥. By Theorem 5.6 each
such extension is also |@-minimal extension of W + ¢, A), and conversely. By
monotonicity of classical logicC(I'") E=w4, ¥, whence(W + ¢, A) ¢, as
desired.
(3) Cut we need to show

W, )9, W+, APy
W, )~y
Let I = (I't, ', I'*) be <-minimal extension of(W, A): we need to show
C(I''") =w . By Theorem 5.1 and the first premise of Quis also a<-minimal

extension ol W + ¢, A). By the second premise of C&i(I"") =w., ¥. But also
C(I'™) =w ¢: using Cut for classical logic, we hae& "' ") =w v, as desired. O

Theorem 6.1. Every semi-normal default theory has a unique minimal extension.

Proof. We do the case fofW, A) categorical, the general case being similar. We define,
as in the proof of Theorem 1.6 a sequence of pairs of @ets I'",") of defaults, and we
begin by puttingF0+ = Iy =¢. For the inductive step we put:

I\, ={8: 5 not pre-empted im — I, };

1= {8: & pre-empted or conflicted iR ", , }.
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We assume that the sequeri€g™, I',") coincides with the one in the proof of Theorem 1.6
up to stage:, and show that this must be the case also at stagel. Observe that the
inductive hypothesis yields, in particular, th@t/,") is W-consistent.

Now, Fn+ 1 has the property of being a maximal set of defaults not pre-emptéeHin;,~
(being the set oéll such defaults). So if we can show that it also has the further property
thatC(I;," U I,,) is W-consistent, it will follow thatl";". ; is a maximal set of defaults
having thewo mentioned properties, and we will have recovered the construction given in
the proof of Theorem 1.6.

So we show thaf (I,FU Fnjl) is W-consistent. Suppose for contradiction that this fails.
We know thatC (") is W-consistent by itself, so thatd (I7,f U FnJ;l) is W-inconsistent,
it must be that”" ; 5 #1. We will contradict this last fact, showing tha}" , = .

From the hypothesis that (I;," U anrl) is W-inconsistent, it follows that there are
defaultsss, ..., & € I,"; such that

C(I) Ew =(CG) A+ A CBY). @

Now we show that for each defadftamongsy, ..., 8y, we haves; € (A—TI,,”). Reasoning
by reductio, suppos& € I',. Thens; is either conflicted or pre-empted ify,". But §; is
semi-normal, so that it cannot be conflicted without being already pre-empted. So this
implies thats; is pre-empted i, and sincel,;t € (A — I,"), it follows thats; is pre-
empted in(A — I,”). But by definition, this is equivalent & ¢ Fnjl, against assumption.
We conclude thady, ..., 8k € (A —T,).

From (2) we have that

C(1), ..., CGy) =w —C (1),

where—C(I',}}) is to be construed as the negation of the conjunction of conclusions of
defaults inI;". Sincess, ..., 8 € (A —T,7), also
c(a- 1) ew-C(ry).
But I, andrl, are disjoint, so thaf}," < (A — I',”). We conclude thaf' (A — I',”) must
be W-inconsistent, so that any default is pre-empte@in- I, "), whencel“n:l ={. This
is the contradiction we sought.

We conclude that the construction given here coincides with the one given in the proof
of Theorem 1.6 in the case of semi-normal theories (or Theorem 3.8 in the noncategorical
case), and therefore the limit of the sequence of pairs of sets of defaults yields a general
extension. The process is now deterministic, so this extension is unique. We already know
from Theorem 3.8 that any extension obtained in this way is minimal. Theorem 3.9 gives
uniqueness. O

Theorem 6.5. Let(W, A) be a semi-normal theory, and suppdsés a potential extension
that is also a fixed point of. ThenI is a general extension fa@Ww, A).

Proof. Let @ be a fixed point ofr. First we observe that sind& is consistent®+ must
also beW -consistent: if not, then argyis pre-empted i®* relative toW, so®~ = A, and
by disjointness®* = @. Therefore, if©* is W-inconsistent it must be tha¥ is already
inconsistent.
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Given that® is a fixed point, one easily verifies the equations defining extensions.
Similarly, it's immediate to see that iP(§) is W-inconsistent thed ¢ ©*. So all is left
to verify is that®* contains alls admissible in®@*: but if C(©@™) Ew P(8) then byW-
consistency o™ alsoC(®™) &y —P(8), i.e., P(8) is W-consistent with®, whence
8 € ®* as desired. O

Theorem 6.7. Let (W, A) be a default theory. Then there is an iteratively definable NT-
extensior® for (W, A).

Proof. We construct an NT-extension foW, A) iteratively by putting:@aL =0, =1,
and®g = {5: P(8) is W-consistent
For the inductive step, as in the proof of Theorem 3.8, we put:

O, , = amaximal set of defaults such that:
(A) C(O®, U, is W-consistent;
(B) everysin @Ll is admissible ir®,' relative tow;
(C) nose @,;:Ll is pre-empted ir®;" — ©,, relative toW.
Now for the new twist: we put
9,1 = {8: 8 conflicted or pre-empted i@, .} U {8: C(&* — ©7) lw P(5)}.

On the other hand, the definition 6f* is the usual one®* is the set of default§ whose
pre-requisiteP (§) is W-consistent with®+.

The first thing to prove is that the sequence we obtain is increasing, i.e@that®,, 1
for eachn. This can be shown by induction en just like in the proof of Theorem 3.8,
except at the inductive step, where one shé¥js, € @, ,. This we do in some detail.
So supposé € O, ,; to shows € O, ,, we distinguish two cases.

(a) Supposé is pre-empted or conflicted i®;"; then using the inductive hypothesis

we obtain thas is pre-empted or conflicted i@,;:l andhencé € ©, ,.

(b) The other case I6(0,; — ©,7) =w P(8). By the inductive hypothesi®)r. , C O
and®,” € @, . Itfollows that(®; ; — @, ;) is a subset of®, — ©,7), so that
C(@;j+l -0, 1) Fw P@). So again we havée O, .0

Finally, we need to show tha® = lim®, is an NT-extension. The only added
complication over the proof of Theorem 3.8 is when we check that

if C(O* —O7) Fw P(§) thense ®.

We can assume thatis not conflicted or pre-empted 8+ and hence not in ang,’, for
if it is then we immediately get € ®~. So suppose thdt¢ ® . Then for eaclk we have
C(O®; —0,) =w P(5). Butthe sequenc€(®,: — ©,) is decreasingn n, so eventually
there must be a tuple of defaulis . .., §; and some: such that

81.....8ce [) (O5—6,).

mzn
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and moreover

C(81),...,C() Ew P(9).
Thends, ..., 8 € (O* — ®~) whenceC(O* — ®7) =w P(8), as required. O

Appendix B. Infinitely many defaults

Here we indicate briefly how to extend the present approach to default thédties)
comprising infinitely many defaults. For simplicity, we consider only categorical default
theories, which form a natural and well-behaved class. As observed in Section 1 (and in
particular in the proof of Theorem 1.6), the hypothesis thas finite is used only once,
in order to obtain a certain combinatorial fact. The general case whé&énfinite can be
handled as follows.

Definition B.1. Let (W, A) be a categorical default theory, afild, € A. Thené is below
y, denoted < y iff and only if there are default, . . ., §, such that:

C(é1),...,C@n), C) Ew ~J(¥),
but for nopropersubsetlp C {81, ..., 8,, 8} we haveC (Ip) Ew —J (v).

In other words§ < y iff § is part of aminimaltuple of defaults pre-empting.

Definition B.2. Let (W, A) be a categorical default theory. For edch A, put:
rk(8) =sup{rk(y) +1: y € A& y <8},

if such a sup exists, anll(§) = oo otherwise (in which case we say thats) is undefined).
Similarly, putrk(A) = suprk(s): rk(d) is defined.

It is then possible to carry out the construction of Theorem 1.6 transfinitely through
the ordinalrk(A) appropriately taking unions at limit stages. It is not difficult to see that
this yields a general extension. The crucial step is th& if. ., §, is a (minimal)r-tuple
pre-empting’ thenrk(s;) < rk(8) for everyi, so we can apply an appropriate inductive
hypothesis to conclude that suchsatuple must have a member in—.

As an added bonus, we have the following: for any default thédryA), let thewell-
founded partof A be ® = {§: rk(8) is defined. Then it can be verified that any general
extension foW, A) is aclassicalextension fof W, @).
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