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Background

Canthenotionofatruthoflogicbeexplainedotherwisethanvia

thenotionofprovability?”

Boolos&Heck

DoesFregehavemetatheory?

InFregeanlogic,isitpossibletoprovepropositionsthatare

aboutlogic?

Answer:Yes!Frege’sNewScience

DieGrundlagenderGeometrie,II,sec.3.

ApplicationsofLogicwith“purelogic”atitscorebutwithnon-logical

axioms.
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Frege’spermutationmethod

ThemethodisspecifiedasanaxiomoftheNewScience:

π:L→L:

1.Doublelistofsigns,eachpairingrespectedlogicaltype

(names/names;concept-words/conceptswords,etc)

2.Eachsignhasdefinitesenseandreference(noreinterprtation).

3.Listsarerelatedone-one(nosignislistedmorethanonceoneither

side)

4.Signs”whosereferencesbelongtologic”arepairedtothemselves.

ApropositionGisindependentofagroupΩofpropositionsiffthereisa

permutationπsuchthatπ(G)isfalseandΠ(Ω)istrue.
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Thecaseofgeometry

LetΩbethesetofEuclidianaxiomslesstheaxiomofparallels,andG

theaxiomofparallels.ΩmapsontoΩ
′
byapermutationthatreplaces

expressionsforpointsandlinesofEuclideanplanegeometryby

expressionsforthepointsandlinesthatlieinafixedsphere,andmaps“x

iscongruenttoy”ofplanegeometryonto“xistakenintoybyalinear

transformationsofthesphereintoitself”.Asiswellknown,underthis

permutationtheaxiomofparallelsfails,whilealltheotheraxiomsof

Euclideangeometryarestilltrue;consequently,byFrege’smethodthis

“Hilbert”permutationestablishestheindependenceoftheparallelaxiom.
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TheproblemoftheLogicalConstants

Fregestipulatesthelogicalconstants(=classicaltruth-functional

connectivesandquantifiers)heldinvariantunderpermutationofL.

Butforthemethodtobereliable,mustknowthattheselogicaltermsare

allthelogicalterms

Otherwisetheremightbelogicaltermsbesidetheonesstipulatedthatare

mistakenlypermuted,inwhichcasesomepropositionsmightincorrectly

turnouttobeindependentofotherpropositions;couldhavefalse

positives.
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ANewSciencecharacterizationofthelogicalconstants

Step1Assumeapermutationπofthevocabularyofthelanguage:

•atomicnamesfortruth-valuesaremappedtoatomicnamesfor

truth-values.(Truth-valuesnamesmaptothemselvesorare

switched.)

•IfφisapropositionCa,letπ(φ)=π(C)π(a).

Step2Identifyaclassofpermutations,suchthatthelogicaltruthsare

thosepropositionsφsuchthatφismappedtothetrueifandonlyif

thetrueismappedtothetrue,andsimilarlyforthefalse,giventhat

truth-valuesaremappedtotruth-values:whered(α)isthereference

ofα:{φ|∀πd(π(φ))=d(π(True))}

Step3AnyclassCofbasicterms(includingconnectives,quantifiers,

andvariablesofanyorder)willbeacandidateclassoflogical

constantsiftheyarealargestclassoftermssuchthatevery

propositioninthatvocabulary,iftrue,islogicallytrue.
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TheNewScienceProject

OurgoalistomaketheprojectofFrege’sNewScienceprecise.

Theprojecthastwoaspects:

1.Todeviseasystemadequateforarithmetic

2.Toexplorethenotionoflogicaltruth,ascharacterizedintheNew

Science,forthissystem.

Ourfocustodaywillbeon(1).
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TheLanguage

Weconsiderasecond-orderlanguageL2providing:

•individualvariablesandconstants

•predicatevariablesandconstants

•connectivesandquantifiers

•arelationVR(P,x),xisthevaluerangeofP.

AmodelMforL2comprisesanon-emptyfirst-orderdomainDaswellas,

foreachn,anon-emptycollectionofsubsetsofD
n

(providingarangefor

then-placesecond-ordervariables).Eachn-placepredicateconstant(if

thereareany),isassignedaparticularsubsetofD
n
.Finally,

correspondingtoVRwehaveafunctionassigningasubsetofDof

cardinality≤1toeachpredicatevariableP.
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Numbers

LetP≈Qabbreviatethestandardclaimthatthereisa1-1

correspondencebetweentheP’sandtheQ’s.

DefineN(P,Q),“QisthenumberofP’s,”ifandonlyifQistheconcept

‘yisthevalue-rangeofaconceptS≈P’:

∀y(Qy↔∃S(VR(S,y)∧P≈S)).

Weusesecond-ordervariablesN,M,P,...fornumbers,andbyaslight

abuseofnotation,wealsowriteN(N),“Nisanumber”as∃PN(P,N).

WealsowriteZ(N),“Niszero,”ifandonlyif∃P(∀y¬P(y)∧N(P,N)).

DefineSc(M,N),“Nisthe(immediate)successorofM,”asfollows:

∃P∃Q∃z[N(P,M)∧N(Q,N)∧Qz∧∀w(Pw↔Qw∧w6=y)].
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Witnesses

Wtn(N,x)ifandonlyif∃P(N(P,n)∧VR(P,x).

Thedefinitionofnaturalnumberfollowsthestandard(higher-order)

inductivedefinition:NisnaturalnumberifandonlyifeverypredicateS

whichcontainsawitnessforzeroandsuchthatifitcontainsawitnessfor

MthenitcontainswitnessesforanysuccessorsofM,alsocontainsa

witnessforN:

Nn(N),“Nisanaturalnumber,”iff:

∀S[∃y(Wtn(Z,y)∧Sy)∧∀M(N(M)∧∃y(Wtn(M,y)∧Sy)

→∀M
′
(Sc(M,M

′
)→∃y(Wtn(M

′
,y)∧Sy)))

→∃y(Wtn(N,y)∧Sy)]
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ThetheoryF

Fwillcomprisethefollowingnon-logicalaxioms:

1.AnyconcepthasatmostoneVR:

∀P∀x∀y[VR(P,x)∧VR(P,y)→x=y];

2.AversionofFrege’s“BasicLawV”(wherez=z1,...zn):

∀P∀Q∀x∀y[VR(P,x)∧VR(Q,y)→(∀z(Pz↔Qz)↔x=y)];

3.Acomprehensionprincipleforanyformulaφ(withfreeparameters

otherthanPallowedinφ):∃P∀x[Px↔φ(z)];

4.Specialexistentialaxiomsprovidingfortheexistenceofvalueranges:

foranyformulaφ,

∀x(φ(x)→∃M(Nn(M)∧Wtn(M,x)))→

∃xVR(φ,x).
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Induction

WeintroducethepredicateconstantZtodenotetheuniqueQsuchthat

Z(Q).

Thefollowinginductionprincipleisvalid,foranyformulaΦ(P):

Φ(Z)∧∀N(Nn(N)∧Φ(N)→

∀M(Sc(N,M)→Φ(M)))→∀N(Nn(N)→Φ(N)).

M≤NholdsifandonlyifeverysetwhichcontainsawitnessforMand

isclosedudnerwitnessesofsuccessors,containsawitnessforN
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Dedekind-Peanoaxioms

FollowingBoolos,weconsiderthefollowingaxiomatizationofarithmetic:

1.∃N(Z(N)∧Nn(N));

2.∀N∀M(Nn(N)∧Sc(N,M)→Nn(M));

3.∀M∀N1∀N2(Nn(M)∧Sc(M,N1)∧Sc(M,N2)→M=N);

4.∀N(Nn(N)→∃M(Sc(N,M)∧N6=M));

5.∀N∀M(Nn(N)∧Z(M)→¬Sc(N,M));

6.∀M∀N1∀N2(Nn(N1)∧Nn(N2)∧Sc(N1,M)∧Sc(N2,M)→N1=N2);

7.ForeveryformulaΦ(X)withthefreesecond-ordervariableX:

Φ(Z)∧∀M(Nn(M)∧Φ(M)→∀M
′
(Sc(M,M

′
)→Φ(M

′
)))→

∀M(Nn(M)→Φ(M
′
)).
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SpecialWitnesses

LetWtn(Z,z),wherezisthevaluerangeoftheemptypredicate.ThenN

bethesmallestpredicatePcontainingzandsatisfyingtheclosure

condition:

∀Q∀x∀S∀y[Px∧VR(Q,x)∧∀z(Sz↔(Qz∨z=x))∧VR(S,y)→Py].

N={n0≺n1≺...},wherenkisaspecialwitnessforK(nkisthevalue

rangeoftheconceptthatappliestoallpreviouswitnesses):

n0=VR(λy.y6=y)=z

n1=VR(λy.y6=y∨y=n0)=VR(λy.y=n0)

n2=VR(λy.y=n0∨y=n1)

..

.

nk+1=VR(λy.y=n0∨...∨y=nk)
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Mainresult

THEOREM:IfNx,then∀y(Ny∧y≺x→y6=x).

Proof(Informal)Clearly,n06=n1.Supposeforcontradictionthatfor

j,k>0andj<k,nj=nk.Then

VR(λy.y=n0∨...∨y=nj−1)=VR(λy.y=n0∨...∨y=nk−1);

ByBLV:

∀y(y=n0∨...∨y=nj−1↔y=n0∨...∨y=nk−1);

Byfirst-orderlogic,inparticular,

∀y(y=nk−1→y=n0∨...∨y=nj−1),

i.e.,nk−1=n0∨...∨nk−1=nj,againsttheinductivehypothesis.

Nn(M)∧Sc(M,N)→M6=N
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