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ABSTRACT. This paper presents a bivalent extensional semantics for positive free logic
without resorting to the philosophically questionable device of using models endowed
with a separate domain of “non-existing” objects. The models here introduced have only
one (possibly empty) domain, and a partial reference function for the singular terms (that
might be undefined at some arguments). Such an approach provides a solution to an open
problem put forward by Lambert, and can be viewed as supplying a version of parametrized
truth non unlike the notion of “truth at world” found in modal logic. A model theory
is developed, establishing compactness, interpolation (implying a strong form of Beth
definability), and completeness (with respect to a particular axiomatization).

KEY WORDS: free logic, existence, denotation, semantics, Craig interpolation, Beth de-
finability.

1. INTRODUCTION

Free logics, first introduced (in fact) by Leonard [18] and (in name) by
Lambert [12] in the late 1950’s, are characterized by the fact that singular
terms do not have existential import. In other words, in a free logic one
can have terms such as “Vulcan” or “Pegasus” or “the largest prime” that
do not have any referent. This fact can be regarded as the culmination of
a trend in logic that has been active throughout the history of the field
(see Lambert [16]): since Aristotle, and certainly until the school of Port
Royal, logic has regardedgeneral terms as having existential import: as
a consequence, the inference from “AllP ’s areQ’s” to “Some P ’s are
Q’s” was regarded as valid. On the other hand, modern symbolic logic,
beginning with Frege, has done away with this assumption.

But a certain asymmetry remained, in that the inference from “Every-
thing the same ast is P ” to “Something the same ast is P ” (where t
is a singular term) was still regarded as valid: free logic can be viewed
as an effort to remedy this situation, by allowing for the case in which
t has no existential import. Going one step further, certain versions of
free logic (known as “universally free logics”) disallow the inference from
“Everything isP ” to “Something isP ” (corresponding to the case where
nothing altogether exists).
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More recently, free logics have been applied to the representation of
facts about computation, where it is natural to regard “the value off atx”
as a non-referential term wheneverf is not defined atx. For instance, the
classical “axiomatic semantics” for programming languages of Hoare [9]
requires a free logical framework (see Gumb and Lambert [8] for a discus-
sion of applications of free logic to computation and, more in general, for
further references).

There are fundamentally three ways to develop free logic. Innegative
free logic one assumes that all atomic sentences involving non-referential
terms are false. Inpositive free logics atomic sentences involving non-
referential terms are sometimes true. This seems to be a natural require-
ment, at least to the extent that it is possible to make a case that sentences
such as “Pegasus is a horse,” “Vulcan is a planet,” or “the present king
of France= the present King of France,” are not false. A third approach,
perhaps not as prominent as the first two, is the “neutral” free logic of
Smiley [21] and Lehman [17], in which atomic sentences containing at
least one term with no existential import are truth-valueless. This paper is
only concerned withpositivefree logic.

It is worth noting that both positive and negative free logic have been
applied to the theory of computation: see the already cited Gumb and Lam-
bert [8] for applications of positive free logic – including a claim that only
the positive variety is adequate for the semantics of “lazy” programming
languages – and Feferman [5] for applications of negative free logic.

Semantics for positive free logic come mainly in two main varieties.
The first variety is the “outer-domain” approach first proposed in lectures
by Lambert, and, independently, in lectures by Belnap in the late 1950’s,
and later utilized by Cocchiarella [4], Scott [20], and Leblanc and Thoma-
son [11]. The second variety is the supervaluational approach of van Fraas-
sen [6]. According to the first approach, models for free logic come equip-
ped with two domains: an inner domain of “existing” objects, and an outer
domain most naturally interpreted as a domain of objects providing refer-
ences for terms with no existential import. This Meinongian interpretation
of outer domains appears to some to be questionable on general philosoph-
ical grounds (alternative construals of outer domains that are not open to
this sort of criticism are provided by thenominalsemantics of Meyer and
Lambert [19] and thestory semantics of van Fraassen and Lambert [7]).
The supervaluational approach, on the other hand, is not open to this kind
of criticism, but at a price. In particular, the price consists in having to
accept a framework that (i) is not bivalent; and (ii) is mathematically in-
tractable (as Woodruff [22] has shown, supervaluational validity is neither
compact nor recursively axiomatizable).
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Considerations such as these have lead Karel Lambert to put forward
the following wish-list:

It would be nice to have a gapless, bivalent semantic development forpositivefree logic
in which the model structure is of the single domain variety, but the interpretation function
applied to singular terms ispartial, and doesn’t appeal to senses or things of that kind.
There is such a semantics for negative free logic,. . . but not one for positive free logic –
at least there is not one in which the truthvalues of statements with irreferential singular
terms approximate the ones we have clear intuitions about. So there is an open problem for
you. (Lambert [15, p. 80])

This paper presents a semantic framework meeting the requirements put
forward by Lambert above. In particular, a framework forpositive free
logic is given, in which terms are allowed to have no existential import,
and sentences involving such terms are allowed to be true. Moreover, the
framework isbivalent, which sets it apart from the usual supervaluational
approach [6]. There is only one domain of objects, resisting the temptation
to admit non-existent objects. The interpretation function (more specifi-
cally: the reference function for singular terms) ispartial. The framework
is completelyextensional: there are no senses, intensions, concepts, or any
other “creatures of the dark.” Finally, in this framework, the most funda-
mental principles of free logic are validated: first and foremost universal
instantiation restricted to referential terms, but also Lambert’s law (for any
x: x is identical with theφ if and only if x andx only isφ).

Before getting down to precise details, consider the main idea infor-
mally. As is well known, there are numerous logical frameworks in the
literature in which the notion of truth isrelativizedor, better,parametrized,
i.e., made to depend upon one or more extra parameters that might not
be apparent in the kind of linguistic phenomena for which those frame-
works purport to supply an analysis. Perhaps the best known, and most
successful, example of this strategy ismodal logic, in which truth is made
to depend upon a parameter – a possible world – that is hidden in the
ordinary modal parlance of possibility and necessity.

The present proposal could be viewed as going in the same direction.
Here, too, truth is parametrized to an index that does not appear explicitly
in parlance involving terms with no existential import. But, in contrast to
the modal case, the parameter rather than being extralinguistic is itself part
of the language, so that one can speak, in analogy to modal logic, oftruth
at a termt .

For example, consider a language containing an individual constantc

and a one-place predicate symbolP . A proto-interpretationfor such a lan-
guage is a functionπ that (among other things) assigns asigned extension
to P , where a “signed extension” is a subsetS (of some given domain
D of objects) associated with a special marker+ or −. The idea is that
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the marker itself,+ or −, does not carry any existential commitments;
the markers are not to be thought of as independent entities, and could
in principle be identified with presence or absence of any given arbitrary
property ofS. If it were possible to assign, e.g., colors (blue and red) to
subsets ofD, then a setS ⊆ D could be regarded as associated with a
marker+ or− according asS is blue or red.

Once a class of signed extensions has been identified (by whatever
device should turn out to be convenient), and thereby also a class of proto-
interpretations, aninterpretationfor the language is defined as an assign-
ment of a proto-interpretation to each term. Truth then works as follows:
whereπ is the proto-interpretation assigned toc, andS the extensionπ
assigns toP , the atomic sentenceP(c) is true on the given interpretation
if and only if: eitherc denotes some objectd andd ∈ S; or c does not
denote, andS has a positive sign+. In the general case where predicates
can have more than one argument, proto-interpretations are assigned not
only to terms but ton-tuples of terms.

Moreover, the following constraints will be laid down: (i) In order for
the resulting semantics to be extensional, it is required that all terms be
assigned proto-interpretations differing, if at all, only as to theirsign, and
(ii) in order for substitutivity of identicals to hold in general, whenevert

andt ′ are assigned the same proto-interpretation, so must any twon-tuples
of terms differing only because one has occurrences oft where the other
has occurrences oft ′. With this in mind, on to the details.

2. SEMANTICS

Consider a first-order language with definite descriptions. In particular, as-
sume that the language has the ordinary connectives and quantifiers (though
– in order to simplify definitions –¬, ∧ and∀ are taken as basic); in-
dividual constantsc0, c1, . . .; predicates of any number of arguments; and
identity (written≡). The usual recursive definition of well-formed formula
is augmented by adding a clause according to which ifA is a formula andx
a variable, thenιxA is a term (intuitively, “the uniquex such thatA”). The
basic intuition underlying free logic, of course, is that not all terms need
have a referent. Quantifiers, however, are taken to range only over objects
in some domainD of objects, so that the fact that a termt has existential
import can be expressed by the sentence∃x(x ≡ t) (this is sometimes
abbreviated asE! (“E-shriek” or “E-bang”), as in Figure 1).

To specify a semantical interpretation for the language, fix a (possibly
empty) domainD of objects: these are theexistingobjects – the only kind
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Figure 1. The Winged Horse.

there is. In addition to this, suppose there is apartial reference function
ρ, assigning objects inD to (some, all, or none of) the constants of the
language. If a termt is in the domain ofρ then we writeρ(t) ↓, and we
write ρ(t) ↑ otherwise.

A proto-interpretationis a functionπ assigning to each predicateP of
the language asigned extensionπ(P ); a signed extension is a pair either
of the form(S,+) or of the form(S,−), whereS ⊆ Dn (if P is an-place
predicate), and+ and− are markers (these can be taken to be any two
arbitrary distinct objects). When we want to leave unspecified the sign of
a signed extension we writeπ(P ) = (S,±). Two proto-interpretationsπ
andπ ′ are said to beequivalentif for any P , π(P ) andπ ′(P ) differ at
most on the sign of the extension ofP .

Finally, an interpretation for the language is a function5 assigning
to eachn-tuple of terms,̄t = t1 . . . tn, a proto-interpretation5(t̄) = π ,
subject to the following two requirements:

1. If π andπ ′ are both in the range of5, thenπ is equivalent toπ ′;
2. If 5(t) = 5(t ′) then5(t1 . . . t . . . tn) = 5(t1 . . . t ′ . . . tn).

For readability write5t̄ instead of5(t̄). The pair(5, ρ) is called amodel.
The following clauses provide a simultaneous recursive definition of

truth on a model((5, ρ) � A) and the “lifting” of the partial reference
functionρ from assigning referents to just constants to arbitrary terms. In
order to handle the case for the quantifier, suppose that the model(5, ρ)

is saturatedin the sense that for anyd ∈ D there is a constantcd in the
language such thatρ(cd) = d (so that all members ofD have names).
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First the definition deals with atomic sentences:

(5, ρ) � P(t1 . . . tn) iff


(ρ(t1) . . . ρ(tn)) ∈ S,

if ρ(ti) ↓ (for 16 i 6 n)
and5t̄(P ) = (S,±);

5t̄(P ) = (S,+),
if ρ(ti) ↑ for somei ∈ {1, . . . , n}.

The case for the connectives are as usual:(5, ρ) � A ∧ B iff (5, ρ)
� A and (5, ρ) � B; and similarly(5, ρ) � ¬A iff (5, ρ) 2 A. As
mentioned, the case for the quantifier is handled substitutionally:

(5, ρ) � ∀xA iff for all d ∈ D: (5, ρ) � A[cd/x].
Turning to identity, recall that the principle of indiscernibility governs
identity between terms with no existential import. Accordingly, we have:

(5, ρ) � t1 ≡ t2 iff

{
ρ(t1) = ρ(t2), if ρ(t1) ↓ or ρ(t2) ↓;
5t1 = 5t2, if both ρ(t1) ↑ andρ(t2) ↑.

Finally, the promised extension ofρ to descriptions:{
ρ(

ι

xA) = d, if (∃!d ∈ D)(5, ρ) � A[cd/x];
ρ(

ι

xA) ↑, otherwise.

It is easy to see that according to this definition sentences involving
terms with no existential import can be true on some interpretations and
false on others, and not all atomic sentences containing such terms need
have the same truth value. So for instance there are interpretations on
which “Pegasus is a horse” is true, but “Vulcan is a horse” is false. It is
worth nothing that all identities of the form “t ≡ t” will turn out true,
and that whenevert1 ≡ t2 is true then the same sentences are true of them
(i.e.,t1 andt2 are indiscernible), regardless of whether they have referential
import or not. In other words, the indiscernibility principle

t1 ≡ t2→ (A(t1)↔ A(t2))

is logically true, as is Lambert’s Law, i.e.:

∀x(x ≡ ι

yA(y)↔ ∀y(A(y)↔ y ≡ x)).
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3. MODEL THEORY

This section presents a few fundamental facts about the semantic frame-
work, primarily compactness and interpolation. These are important prop-
erties because they set apart proto-semantics from other frameworks for
positive free logic such as the supervaluational approach of [6]. In partic-
ular, it was shown by Woodruff [22] that supervaluational semantics is not
compact and supervaluational validity is not recursively axiomatizable (it
is, in fact,51

1). In turn, interpolation yields the definability theorem, an
important tool if free logics are to be applied in computational contexts,
where a function can be defined by arbitrary expressions.

3.1. Compactness

The compactness theorem for proto-semantics states that if a set0 of sen-
tences is finitely satisfiable then0 is satisfiable. The proof is modeled after
the usual Henkin construction.

Step 1. Given a finitely satisfiable set0 of sentences, we expand the lan-
guage by adding countably many new constantsc1, c2, c3, . . .; let ϕi (for
i > 0) be an enumeration of the formulas of the expanded language having
one free variable. Then extend0 to a set0′ by adjoining all sentencesθn
of the form:

∃xϕn → (∃y(y ≡ cni ) ∧ ϕn[cni /x]),
wherex is the free variable ofϕn, andcni is the first new constant not
occurring in any of the sentencesθj for j < n.

LEMMA 3.1. 0′ is finitely satisfiable.
Proof. Let 00 be a finite subset of0 and consider and arbitrary finite

subset of0′:

0′0 = 00 ∪ {θi1, . . . , θin}.
For simplicity assumen = 1. By hypothesis, there is a model(5, ρ) such
that(5, ρ) � 00. We distinguish two cases.

First case: (5, ρ) � ¬∃ϕij thenθij is true on(5, ρ).
Second case: (5, ρ) � ∃ϕij ; then for somed ∈ D, (5, ρ) � ϕij . Let

c be the new constant occurring inθij , and let(5′, ρ ′) be the model just
like (5, ρ), except thatρ ′(c) = d and5′c = 5cd . Then(5′, ρ ′) � θij and
hence satisfies0′0. 2
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LEMMA 3.2. Let (5, ρ) be a model. If bothρ(t) ↑ and ρ(t ′) ↑ and
5t = 5t ′ then for everyϕ

(5, ρ) � ϕ(t)⇔ (5, ρ) � ϕ(t ′).
Proof.By induction ofϕ. 2

Step 2. Now we extend0′ to a maximal finitely satisfiable set2 in the
usual way. Let{ϕn : n > 0} be an enumeration of all the sentences of
the language. Put20 = 0′ and, assuming2n already defined, put2n+1 =
2n∪{ϕn} if the latter is still finitely satisfiable, and let2n+1 = 2n∪{¬ϕn},
otherwise. Finally, put

2 =
⋃
n>0

2n.

As in the case for first-order logic, the following are easily established:

1. for eachn,2n is finitely satisfiable (the connectives are classical);
2. for eachϕ, eitherϕ ∈ 2 or¬ϕ ∈ 2;
3. if ∃xϕ ∈ 2, then for some termt , ϕ(t) ∈ 2.

Now we proceed to define a model(5, ρ) for 2. First let

U = {t : ∃x(x ≡ t) ∈ 2},
and as usual define an equivalence relation' onU by letting t ' t ′ if and
only if t ≡ t ′ ∈ 2. If we denote by[t] the equivalence class oft , we obtain
the domain of the interpretation:

D = {[t] : t ∈ U }.
Next, define the reference functionρ as follows:

ρ(t) =
{ [t] if t ∈ U ;
↑ if t /∈ U .

The next item is the assignment of extensions. For eachn-place predi-
cateP , let

ext(P ) = {[t1] . . . [tn] : P t1 . . . tn ∈ 2}.
Having done this,5t̄ can be directly defined: for eachn-place predicate

5t̄(P ) = (ext(P ),+)⇔ P t̄ ∈ 2,
and

5t̄(P ) = (ext(P ),−),
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otherwise. This completely specifies a model(5, ρ). There is no need
explicitly to give the clauses for(5, ρ) � t ≡ t ′, for identity is part of the
logical vocabulary. In particular, it will be the case that if eitherρ(t) ↓ or
ρ(t ′) ↓ then(5, ρ) � t ≡ t ′ if and only if ρ(t) = ρ(t ′); and otherwise
5,ρ � t ≡ t ′ if and only if5t = 5t ′.

LEMMA 3.3. In the model(5, ρ), ρ( ιxA) ↓ if and only ifρ( ιxA) is the
uniqued ∈ D such that(5, ρ) � A(cd).

Proof. For the non-trivial direction: assumeρ( ιxA) ↓. Then∃x(x ≡

ι

xA) ∈ 2. It follows that∃x∀y(A(y)↔ x ≡ y) ∈ 2, because otherwise

{∃x∀y(A(y)↔ x ≡ y), ∃x(x ≡ ι

xA)}
would be an unsatisfiable finite subset of2. Hence, ifA(t) ∈ 2, then
t ≡ ι

xA ∈ 2 and[t] = [ ιxA]. 2
LEMMA 3.4. Suppose that bothρ(t1) ↑ andρ(t2) ↑. Then(5, ρ) � t1 ≡
t2 if and only if for every formulaϕ(x),

(5, ρ) � ϕ(t1)↔ ϕ(t2).

Proof.By induction onϕ. 2
From the previous lemma we immediately obtain that ift1 andt2 are non-
denoting terms (in the model(5, ρ) obtained above), then(5, ρ) � t1 ≡
t2 if and only if5t1 = 5t2.

Having come so far, it is the easy to prove that the usual properties of
maximal finitely satisfiable sets hold, and hence to show that the obtained
model(5, ρ) verifies all sentences in2 and hence also all sentences in0.
This concludes the proof of the compactness theorem.

3.2. Interpolation

Consider now Craig’s Interpolation theorem. The reader might consult the
proof of Chang and Keisler [3, pp. 87–90], to see exactly what added com-
plications are necessary for the proof to go through in the framework of
free logic. For simplicity, assume a languageL with no function symbols.
Observe that any argument for classical first-order logic that only requires
appeal to either universal introduction (generalization on constants) or ex-
istential elimination can be reproducedverbatimin the present framework.
On the other hand, one needs to develop workarounds for any arguments
depending on universal elimination or existential introduction. In what
follows, atheoryis just a set of sentences.



286 G. ALDO ANTONELLI

DEFINITION 3.5. Consider languagesL1 andL2, and letL0 = L1∩L2.
If C is a set of new constants not already inL1∪L2, let L′i = Li ∪C (for
i = 0,1,2).

LetS andT be theories inL1 andL2 respectively; letϕ,ψ be sentences
in L1 andL2 respectively, andθ a sentence inL′0. Then

(1) θ separatestheoriesS andT if and only if S � θ andT � ¬θ .
(2) θ separatesϕ andψ if and only if its separates{ϕ} and{ψ}.
(3) S and T are inseparableif and only if there is no sentenceθ that

separates them (similarly forϕ andψ being inseparable).
(4) θ is aCraig interpolantof ϕ andψ if and only ifϕ � θ andθ � ψ , and

moreover every relation and constant symbols (other than identity)
occurring inθ , also occurs in bothϕ andψ .

The following definition provides an infinite supply of syntactically dis-
tinct non-denoting terms.

DEFINITION 3.6. For eachn > 0, let ιn be the term

ι

x (x 6= x) ∧ · · · ∧ (x 6= x)︸ ︷︷ ︸
n times

.

As we noted, the termsιn are syntactically distinct; moreover, they are non-
denoting in every model. It follows that, although the matrices of the terms
ιn are logically equivalent to one another, they can be assigned arbitrary
proto-interpretations, a fact that will be made use of in the proof of Craig
interpolation.

LEMMA 3.7. Let θ(x1, . . . , xn) be anL-formula, with the free variables
shown, and letϕ,ψ beL-sentences such that all non-logical symbols ofθ

already occur in bothϕ andψ .
If c1, . . . , cn are new individual constants not occurring in any ofϕ,ψ

or θ , and θ(c1, . . . , cn) separatesϕ andψ , then there is a Craig inter-
polant ofϕ and¬ψ .

Proof. In classical first-order logic, it suffices to observe that the uni-
versal closure ofθ is the desired interpolant. Such an easy solution is not
available in free logic, as some of theci ’s might be non-denoting.

Givenθ, ϕ andψ , pick n terms of the formιi not already occurring in
θ, ϕ, orψ . With no loss in generality, assume these areι1, . . . , ιn.

Introduce the following notations: letI = {ι1, . . . , ιn}, and let 2I be the
power set ofI . GivenJ ∈ 2I , let θ[J ] denote the result of simultaneously
substituting eachιi ∈ J for xi in θ , and let∀θ[J ] be the universal closure
of θ[J ]. Put
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θ∗ =
∨
J∈2I

∀θ[J ].

The sentenceθ∗ is an interpolant ofϕ and¬ψ . To see this, it suffices
to establish the two claimsϕ � θ∗ and θ∗ � ψ , as the conditions on
non-logical symbols is clearly met.

Part (I): adϕ � θ∗. Let (5, ρ) � ϕ; suffices to show that(5, ρ) is a
model of some disjunct inθ∗. In fact, (5, ρ) is a model ofeverydisjunct
of θ∗.

Let (5, ρ) � ϕ be aL-model, and∀θ[J ] any disjunct inθ∗, to show
(5, ρ) � ∀θ[J ].

Note that sincec1, . . . , cn do not occur inϕ, any expansion(5′, ρ ′) of
(5, ρ) to the languageL′ = L ∪ {c1, . . . , cn} still is a model ofϕ; and
sinceϕ � θ(c1, . . . , cn), any such expansion is a model ofθ(c1, . . . , cn).

Now let xi1, . . . , xim be the free variables ofθ[J ], and pick arbitrary
elementsa1, . . . , am of the domain of5. Let (5′ρ ′) be the expansion of
(5, ρ) such that:

(1) ρ ′(cik ) = ak , for k ∈ {1, . . . ,m} (with5′(cik ) defined in any arbitrary
manner);

(2) ρ ′(cj ) ↑ and5(cj ) = 5(ιj ), for cj /∈ {ci1, . . . , cim}.
Then (5′ρ ′) � θ(c1, . . . , cn), whence also(5′, ρ ′) � θ[J ][ci1/xi1, . . . ,
cim/xim], and by the arbitrariness ofa1, . . . , am, also(5′, ρ ′) � ∀θ[J ]. But
now the constantsci1, . . . , cim no longer occur in∀θ[J ], so(5, ρ) � ∀θ[J ]
as desired.

Part (II): adθ∗ � ψ . By hypothesis,¬ψ � ¬θ(c1, . . . , cn). Let(5, ρ) �
θ∗: then there is a disjunct∀θ[J ] of θ∗ such that(5, ρ) � ∀θ[J ]. Assume
J = {ιi1, . . . , ιim}, and expand(5, ρ) to a model(5′, ρ ′) satisfying:

(1) ρ ′(ck) ↑, and5′(cik ) = 5(ιik ) for k ∈ {1, . . . ,m};
(2) for cj /∈ {ci1, . . . , cim}, pick an arbitraryaj in the domain of5 and put

ρ ′(cj ) = aj (with 5(cj ) arbitrarily defined).

Then (5′ρ ′) � θ(c1, . . . , cn), whence(5′ρ ′) � ψ . Sinceψ does not
contain any ofc1, . . . , cn, also(5, ρ) � ψ , as desired. 2
THEOREM 3.8. Letϕ,ψ beL-sentences such thatϕ � ψ . Then there is
a Craig interpolantθ of ϕ andψ .

Proof. We assume that there is no interpolantθ for ϕ andψ and show
thatϕ 2 ψ by exhibiting a model ofϕ falsifying ψ . By Lemma 3.7,ϕ and
¬ψ are inseparable. Let

ϕ0, ϕ1, ϕ2, . . . ;ψ0, ψ1, ψ2, . . .
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be enumerations ofL′1 andL′2 (where these are defined as in 3.5). We
construct two increasing sequences of theoriesT0 ⊂ T1 ⊂ · · · andU0 ⊂
U1 ⊂ · · ·; proceeding by induction, we putT0 = {ϕ} andU0 = {¬ψ}.

For the inductive step, we obtainTm+1 andUm+1 from Tm andUm by
the following procedure:

1. if Tm ∪ {ϕm} andUm are inseparable, then putϕm in Tm+1;
2. if Um ∪ {ψm} and the result of step (1) are inseparable, then putψm in
Um+1;

3. if ϕm is an existential sentence, say∃xξ(x), andϕm has been listed in
Tm+1 in step 1, then pick a new constantc not already inTm,Um, ϕm or
ψm, and putξ(c) in Tm+1;

4. if ψm is an existential sentence, say∃xξ(x), andψm has been listed in
Um+1 in step 2, then pick a new constantc not already inTm, Um, ϕm
orψm, and putξ(c) in Um+1.

This completes the definition of the two sequences. For eachm, Tm and
Um are inseparable. ForT0 andU0 are inseparable, and the inductive step
preserves inseparability. Clearly inseparability is preserved by steps (1)
and (2) in the definition ofTm+1 andUm+1. And the classical argument that
adjoiningξ(c) when∃xξ(x) is already present only depends on existential
elimination, which, as observed, is valid in free logic.

Now letT∞ = Un>0Tn and similarlyU∞ = Un>0Un. By compactness,
T∞ andU∞ are inseparable, and, in particular, both consistent (for the
purposes of this proof, take ‘consistent’ to mean ‘satisfiable’). Of course,
the theorem requires the stronger claim thatT∞ ∪ U∞ is consistent.

Next, observe thatT∞ is a maximal consistent theory inL′1 andU∞ is a
maximal consistent theory inL′2. Suppose for instance thatϕm,¬ϕm /∈ T∞.
Then ifϕm /∈ T∞, alsoϕm /∈ Tm+1, which implies thatTm ∪ {ϕm} andUm
are separable, and therefore that there is a sentenceθ of L′0 such that

T∞ � ϕm→ θ and U∞ � ¬θ.
Similarly, forn such thatϕn = ¬ϕm, if ¬ϕm /∈ Tn+1 then there is a sentence
θ ′ of L′0 such that

T∞ � ¬ϕm→ θ ′ and U∞ � ¬θ ′.
By propositional logic,

T∞ � θ ∨ θ ′ and U∞ � ¬(θ ∨ θ ′),
against the fact thatT∞ andU∞ are inseparable. This shows thatT∞ is a
maximal consistent set; the maximality ofU∞ is similar.
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The last fact needed before we can construct a model is thatT∞ ∩ U∞
is maximal consistent inL′0. Let θ be anyL′0-sentence. Since we know
thatT∞ ∩ U∞ is consistent, we need to show that eitherθ ∈ T∞ ∩ U∞ or
¬θ ∈ T∞ ∩ U∞. Since each ofT∞ andU∞ is maximally consistent in its
own language, eitherθ ∈ T∞ or¬θ ∈ T∞; and similarly eitherθ ∈ U∞ or
¬θ ∈ U∞. Of the four resulting cases, by inseparability, we cannot have
θ ∈ T∞ and¬θ ∈ U∞ or vice-versa. So there are two cases left: eitherθ is
in bothT∞ andU∞, or¬θ is, as required.

Finally, we construct a model forT∞ ∪ U∞ (and hence for{ϕ,¬ψ}).
This is where the argument again deviates somewhat from the classical
proof. SinceT∞ is consistent, let(51, ρ1) be a model ofT∞ with domain
D1. ClearlyD1 contains denotationsρ1(c) for all constantsc such that
T∞ � ∃x(x ≡ c). Now consider the model(5′1, ρ

′
1) having domain

D′1 = {ρ1(c) : T∞ � ∃x(x ≡ c)},
and where(5′1, ρ

′
1) are otherwise unchanged. This new model is elemen-

tarily equivalent to(5, ρ) (by induction on sentences, using the fact that
T∞ has witnesses to all the existential claims), and therefore still a model
of T∞. Similarly,U∞ has a model(5′2, ρ

′
2) having domainD′2 comprising

all and only the denotations of the denoting constants.
Now consider(5′′1, ρ

′′
1) and (5′′2, ρ

′′
2), the reducts of(5′1, ρ

′
1) and

(5′2, ρ
′
2), to the languageL′0 (with the same domainsD′1 andD′2). The

mappingh: D′1→ D′2 such thath(ρ ′′1(c)) = ρ ′′2(c) is a “classical” isomor-
phism between the two models, in the sense thath is a bijection of the re-
spective domains with the property that for eachn-tupleρ ′′1(c1), . . . , ρ

′′
1(cn)

and predicateP , if (5′′1(c1 . . . cn))(P ) = (S1,±), and(5′′2(c1 . . . cn))(P )

= (S2,±) then

(ρ ′′1(c1), . . . , ρ
′′
1(cn)) ∈ S1⇔ (h(ρ ′′1(c1)), . . . , h(ρ

′′
1(cn))) ∈ S2.

Thath is such a “classical” isomorphism follows from the fact thatT∞ ∩
U∞ is maximal consistent inL′0. By the same token, we see that the same
terms must be denoting in(5′′1, ρ

′′
1) and (5′′2, ρ

′′
2), and moreover that if

t̄ is an n-tuple containing a non-denoting term (in either model), then
(5′′1(t̄ ))(P ) has a+ sign if and only if(5′′2(t̄))(P ) has+ sign.

Thus, for eachn-tuple t̄ of terms,5′′1(t̄ ) can differ from5′′2(t̄) in the
sign of the extension they assign to some predicateP only if t̄ contains
only denoting terms. But such conflicts are inconsequential, meaning that
they make no difference as to the truth values of sentences, and therefore
can be settled in some arbitrary manner (in favor of5′′1, say), preserv-
ing the truth values assigned to sentences. Therefore, we can “identify”
(5′′1, ρ

′′
1) and (5′′2, ρ

′′
2), resolving inconsequential conflicts as indicated.
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More precisely, this shows that it is possible to expand(5′′1, ρ
′′
1) to aL′1 ∪

L′2-model ofT∞ ∪ U∞. 2

3.3. Beth Definability

As is well-known, in classical first-order logic, Beth’s definability theo-
rem follows easily from Craig’s Interpolation theorem. In this subsection,
we offer the analogous proof for positive free logic with proto-semantics
(again, the reader is invited to consult [3] for comparison). First, a few
definitions.

DEFINITION 3.9. Fix a languageL and consider twon-place predicate
symbolsP andP ′ not in L. Let6(P ) be a set of sentences inL ∪ {P },
and6(P ′) the set of sentences ofL ∪ {P ′} obtained by writingP ′ for P
throughout.

(1) 6(P ) weakly implicitly definesP if and only if

6(P ) ∪6(P ′) � ∀x̄(P (x̄)↔ P ′(x̄));
(2) 6(P ) weakly explicitly definesP if and only if there is formulaϕ(x̄)

of L such that

6(P ) � ∀x̄(P (x̄)↔ ϕ(x̄));
(3) 6(P ) implicitly definesP if and only if

6(P ) ∪6(P ′) � P(c̄)↔ P ′(c̄);
wherec̄ is ann-tuple of new constants not inL;

(4) 6(P ) explicitly definesP if and only if for some formulaϕ(x̄) ∈ L

6(P ) � P(c̄)↔ ϕ(c̄),

wherec̄ is ann-tuple of new constants not inL.

It is worth noting that in classical first order logic implicit and explicit
definitions are equivalent to their weak counterparts, but these notions
come apart in a free framework.

THEOREM 3.10 (Beth definability).Fix a languageL and twon-place
predicatesP andP ′ not in L. As before,6(P ) is a set of sentences from
L ∪ {P }, and6(P ′) the result of replacingP byP ′ throughout6(P ).

(1) If 6(P ) weakly implicitly definesP , then6(P ) weakly explicitly de-
finesP .

(2) If 6(P ) implicitly definesP , then6(P ) explicitly definesP .
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Proof. First we show that part (1) follows from part (2). With no loss
in generality we do the case whereP is a 1-place predicate symbol. So
assume that6(P ) weakly implicitly definesP :

6(P ) ∪6(P ′) � ∀x(P (x)↔ P ′(x)),

and abbreviate∃x(x ≡ c) byE!(c). Then, wherec is a new constant,

6(P ) ∪6(P ′) ∪ {E!(c)} � P(c)↔ P ′(c).

This implies that6(P )∪ {E!(c)} implicitly definesP , whence by part (2)
there is a formulaϕ(x) ∈ L such that

6(P ) ∪ {E!(c)} � P(c)↔ ϕ(c),

whence6(P ) � ∀x(P (x) ↔ ϕ(x)), as required. Now we move on to
part (2). Assume that

6(P ) ∪6(P ′) � P(c)↔ P ′(c).

By compactness, there are finite subsets6′0(P ) and6′′0(P ) of 6(P ) such
that

6′0(P ) ∪6′′0(P ′) � P(c)→ P ′(c).

By putting60(P ) = 6′0(P ) ∪6′′0(P ) we have

60(P ) ∪60(P
′) � P(c)→ P ′(c).

Rearranging:

60(P ) ∪ {P(c)} �
∧
60(P

′)→ P ′(c),

and by interpolation there is a formulaϕ(x) ∈ L such that:

60(P ) ∪ {P(c)} � ϕ(c) and ϕ(c) �
∧
60(P

′)→ P ′(c).

In other words:

60(P ) � P(c)→ ϕ(c) and 60(P
′) � ϕ(c)→ P ′(c).

From the second of these, sinceϕ ∈ L and therefore does not contain
eitherP or P ′, we have

60(P ) � ϕ(c)→ P(c),

which, together with60(P ) � P(c)→ ϕ(c) gives

60(P ) � ϕ(c)↔ P(c).

Since60(P ) ⊆ 6(P ), the desired conclusion follows. 2
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4. COMPLETENESS

In this section we introduce a particular system of axioms for positive
free logic (due to Lambert [13]), and we show that proto-semantics is
(sound and) complete for such an axiom system. In the presence of com-
pactness, one way to establish completeness is to introduce a refutation
procedure, such as truth trees, and establish that all validities are prov-
able by showing how to obtain a counter-model from a failing or non-
terminating refutation attempt. Such refutation procedures for free logic
are available in the literature, and no doubt they could be used in the
present proto-semantical framework. Nonetheless, the argument of this
section relies on a Hilbert-style axiomatization and a direct argument for
strong completeness.

4.1. The Axioms

The set of axioms for Positive Free Logic (PFL) is characterized as fol-
lows:

1. All tautologies are axioms;
2. All formulas of the form∀x(ϕ → ψ)→ (∀xϕ → ∀xψ) are axioms;
3. All formulas of the form∀y(∀xϕ → φ(y)) are axioms;
4. All formulas of the form∀x∀yϕ → ∀y∀xϕ are axioms;
5. All formulas of the formt ≡ t ′ are axioms;
6. All formulas of the formt ≡ t ′ → (ϕ(t)→ ϕ(t ′)) are axioms (where
ϕ(t ′) is the result of writingt ′ for zero or more occurrences oft in
ϕ(t)).

7. If ϕ is an axiom andx a variable, then∀xϕ is an axiom.
8. Nothing else is an axiom.

The system has only one rule of inference, namelymodus ponens. If 0
is a set of formulas, we write0 ` ϕ to mean that there is a sequence
of formulas of PFL, the last one of which isϕ, and every formula in the
sequence is either an axiom, or is from0, or is obtained by modus ponens
from previous formulas in the sequence. When∅ ` ϕ, the formulaϕ is a
theoremof PFL.0 is consistentif 0 0 ψ ∧ ¬ψ or, equivalently,0 0 ψ
for someψ .

It is known that in the presence of identity, axioms of the form∀y(∀xϕ
→ φ(y)) are equivalent to the more standard, although less elegant,

∀xϕ(x) ∧ ∃x(x ≡ t)→ ϕ(t).
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Also (a fact that will be needed below), existential elimination is admissi-
ble: if1∪{E!(c), ϕ(c)} ` ψ (c a new constant) then already1∪{∃xϕ} `
ψ (see [2, p. 199]; see also [10]).

One can show, by the usual inductive argument on the length of proofs,
that the axiom system presented here issoundfor proto-semantics, i.e.,
that if0 ` ϕ then0 � ϕ.

4.2. Completeness

The strategy to prove that0 � ϕ implies0 ` ϕ is to suppose that0 0 ϕ
(equivalently:0∪{¬ϕ} is consistent) and construct a model of0 falsifying
ϕ. In turn, as usual, it will suffice to establish the following theorem.

THEOREM 4.1. Any consistent set of formulas is satisfiable.
Proof.After the model-theoretictour-de-forceof the preceding section,

we can afford to be somewhat cavalier about the model construction. Let
0 be a consistent set of formulas. As in the proof of compactness, the first
step is to introduce infinitely many new constantsci ’s and extend0 to a
set0′ by adjoining all sentences of the form

∃xϕ → (∃y(y ≡ ci) ∧ ϕ[ci/x]),
for each formulaϕ of the expanded language, whereci is a suitably chosen
new constant. Then the resulting0′ is consistent if0 is (by existential
elimination).

Next,0′ is extended to a maximally consistent set2 in the usual way,
by adjoiningϕ or ¬ϕ according as the former or the latter preserves con-
sistency. Finally, a model is extracted from2 in the same way as in Sec-
tion 3.1. 2
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