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ABSTRACT. This paper presents a bivalent extensional semantics for positive free logic
without resorting to the philosophically questionable device of using models endowed
with a separate domain of “non-existing” objects. The models here introduced have only
one (possibly empty) domain, and a partial reference function for the singular terms (that
might be undefined at some arguments). Such an approach provides a solution to an open
problem put forward by Lambert, and can be viewed as supplying a version of parametrized
truth non unlike the notion of “truth at world” found in modal logic. A model theory

is developed, establishing compactness, interpolation (implying a strong form of Beth
definability), and completeness (with respect to a particular axiomatization).

KEY WORDS: free logic, existence, denotation, semantics, Craig interpolation, Beth de-
finability.

1. INTRODUCTION

Free logics, first introduced (in fact) by Leonard [18] and (in hame) by
Lambert [12] in the late 1950’s, are characterized by the fact that singular
terms do not have existential import. In other words, in a free logic one
can have terms such as “Vulcan” or “Pegasus” or “the largest prime” that
do not have any referent. This fact can be regarded as the culmination of
a trend in logic that has been active throughout the history of the field
(see Lambert [16]): since Aristotle, and certainly until the school of Port
Royal, logic has regardegeneralterms as having existential import: as
a consequence, the inference from “lls are Q's” to “Some P’s are
Q’s” was regarded as valid. On the other hand, modern symbolic logic,
beginning with Frege, has done away with this assumption.

But a certain asymmetry remained, in that the inference from “Every-
thing the same asis P” to “Something the same asis P” (where ¢
is a singular term) was still regarded as valid: free logic can be viewed
as an effort to remedy this situation, by allowing for the case in which
t has no existential import. Going one step further, certain versions of
free logic (known as “universally free logics”) disallow the inference from
“Everything is P” to “Something isP” (corresponding to the case where
nothing altogether exists).
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More recently, free logics have been applied to the representation of
facts about computation, where it is natural to regard “the valye atfx”
as a non-referential term whenevgis not defined at. For instance, the
classical “axiomatic semantics” for programming languages of Hoare [9]
requires a free logical framework (see Gumb and Lambert [8] for a discus-
sion of applications of free logic to computation and, more in general, for
further references).

There are fundamentally three ways to develop free loginelmative
free logic one assumes that all atomic sentences involving non-referential
terms are false. Ipositive free logics atomic sentences involving non-
referential terms are sometimes true. This seems to be a natural require-
ment, at least to the extent that it is possible to make a case that sentences
such as “Pegasus is a horse,” “Vulcan is a planet,” or “the present king
of France= the present King of France,” are not false. A third approach,
perhaps not as prominent as the first two, is the “neutral” free logic of
Smiley [21] and Lehman [17], in which atomic sentences containing at
least one term with no existential import are truth-valueless. This paper is
only concerned witlpositivefree logic.

It is worth noting that both positive and negative free logic have been
applied to the theory of computation: see the already cited Gumb and Lam-
bert [8] for applications of positive free logic — including a claim that only
the positive variety is adequate for the semantics of “lazy” programming
languages — and Feferman [5] for applications of negative free logic.

Semantics for positive free logic come mainly in two main varieties.
The first variety is the “outer-domain” approach first proposed in lectures
by Lambert, and, independently, in lectures by Belnap in the late 1950’s,
and later utilized by Cocchiarella [4], Scott [20], and Leblanc and Thoma-
son [11]. The second variety is the supervaluational approach of van Fraas-
sen [6]. According to the first approach, models for free logic come equip-
ped with two domains: an inner domain of “existing” objects, and an outer
domain most naturally interpreted as a domain of objects providing refer-
ences for terms with no existential import. This Meinongian interpretation
of outer domains appears to some to be questionable on general philosoph-
ical grounds (alternative construals of outer domains that are not open to
this sort of criticism are provided by th@minalsemantics of Meyer and
Lambert [19] and thestory semantics of van Fraassen and Lambert [7]).
The supervaluational approach, on the other hand, is not open to this kind
of criticism, but at a price. In particular, the price consists in having to
accept a framework that (i) is not bivalent; and (ii) is mathematically in-
tractable (as Woodruff [22] has shown, supervaluational validity is neither
compact nor recursively axiomatizable).
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Considerations such as these have lead Karel Lambert to put forward
the following wish-list:

It would be nice to have a gapless, bivalent semantic developmepb#itivefree logic

in which the model structure is of the single domain variety, but the interpretation function
applied to singular terms igartial, and doesn'’t appeal to senses or things of that kind.
There is such a semantics for negative free logicput not one for positive free logic —

at least there is not one in which the truthvalues of statements with irreferential singular
terms approximate the ones we have clear intuitions about. So there is an open problem for
you. (Lambert [15, p. 80])

This paper presents a semantic framework meeting the requirements put
forward by Lambert above. In particular, a framework farsitive free

logic is given, in which terms are allowed to have no existential import,
and sentences involving such terms are allowed to be true. Moreover, the
framework ishivalent which sets it apart from the usual supervaluational
approach [6]. There is only one domain of objects, resisting the temptation
to admit non-existent objects. The interpretation function (more specifi-
cally: the reference function for singular termspextial. The framework

is completelyextensionalthere are no senses, intensions, concepts, or any
other “creatures of the dark.” Finally, in this framework, the most funda-
mental principles of free logic are validated: first and foremost universal
instantiation restricted to referential terms, but also Lambert's law (for any
x: x is identical with thep if and only if x andx only is ¢).

Before getting down to precise details, consider the main idea infor-
mally. As is well known, there are numerous logical frameworks in the
literature in which the notion of truth relativizedor, betterparametrized
i.e., made to depend upon one or more extra parameters that might not
be apparent in the kind of linguistic phenomena for which those frame-
works purport to supply an analysis. Perhaps the best known, and most
successful, example of this strategyriedal logig in which truth is made
to depend upon a parameter — a possible world — that is hidden in the
ordinary modal parlance of possibility and necessity.

The present proposal could be viewed as going in the same direction.
Here, too, truth is parametrized to an index that does not appear explicitly
in parlance involving terms with no existential import. But, in contrast to
the modal case, the parameter rather than being extralinguistic is itself part
of the language, so that one can speak, in analogy to modal lodititiof
at a terms.

For example, consider a language containing an individual constant
and a one-place predicate symiflA proto-interpretationfor such a lan-
guage is a functiotr that (among other things) assignsigned extension
to P, where a “signed extension” is a subse{of some given domain
D of objects) associated with a special markeor —. The idea is that
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the marker itself4+ or —, does not carry any existential commitments;
the markers are not to be thought of as independent entities, and could
in principle be identified with presence or absence of any given arbitrary
property ofS. If it were possible to assign, e.g., colors (blue and red) to
subsets ofD, then a setS € D could be regarded as associated with a
marker+ or — according ass is blue or red.

Once a class of signed extensions has been identified (by whatever
device should turn out to be convenient), and thereby also a class of proto-
interpretations, amterpretationfor the language is defined as an assign-
ment of a proto-interpretation to each term. Truth then works as follows:
wherer is the proto-interpretation assigneddoandsS the extensiont
assigns taP, the atomic sentencB(c) is true on the given interpretation
if and only if: eitherc denotes some objedtandd < S; or ¢ does not
denote, ands has a positive sigr-. In the general case where predicates
can have more than one argument, proto-interpretations are assigned not
only to terms but ta-tuples of terms.

Moreover, the following constraints will be laid down: (i) In order for
the resulting semantics to be extensional, it is required that all terms be
assigned proto-interpretations differing, if at all, only as to tk&n and
(i) in order for substitutivity of identicals to hold in general, whenewver
and:’ are assigned the same proto-interpretation, so must any-twpoles
of terms differing only because one has occurrencesvdiere the other
has occurrences of. With this in mind, on to the details.

2. SEMANTICS

Consider a first-order language with definite descriptions. In particular, as-
sume that the language has the ordinary connectives and quantifiers (though
— in order to simplify definitions -—, A andV are taken as basic); in-
dividual constantsy, c1, . . .; predicates of any number of arguments; and
identity (written=). The usual recursive definition of well-formed formula
is augmented by adding a clause according to whighi§fa formula and:
a variable, thenxA is a term (intuitively, “the unique such thatd™). The
basic intuition underlying free logic, of course, is that not all terms need
have a referent. Quantifiers, however, are taken to range only over objects
in some domairD of objects, so that the fact that a terrhas existential
import can be expressed by the sentefgéx = ¢) (this is sometimes
abbreviated a&'! (“ E-shriek” or “E-bang”), as in Figure 1).

To specify a semantical interpretation for the language, fix a (possibly
empty) domainD of objects: these are thexistingobjects — the only kind
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Figure 1. The Winged Horse.

there is. In addition to this, suppose there igaatial reference function
0, assigning objects i to (some, all, or none of) the constants of the
language. If a term is in the domain ofo then we writep(¢) |, and we
write p(¢) 1 otherwise.

A proto-interpretationis a functionz assigning to each predicakeof
the language aigned extension (P); a signed extension is a pair either
of the form(S, +) or of the form(S, —), whereS C D" (if P is an-place
predicate), andt and — are markers (these can be taken to be any two
arbitrary distinct objects). When we want to leave unspecified the sign of
a signed extension we write(P) = (S, £). Two proto-interpretationg
andrn’ are said to beequivalentif for any P, = (P) andn’(P) differ at
most on the sign of the extension Bf

Finally, aninterpretationfor the language is a functiofl assigning
to eachn-tuple of termsy = 1;...1,, a proto-interpretatiod1(r) = m,
subject to the following two requirements:

1. If  andn’ are both in the range dfl, thenr is equivalent tor’;
2. fTI(t) =TI({#') thenTl(¢y ...t ...1,) =T1(ty.. .t ... 1,).

For readability writel1; instead ofl1(z). The pair(I1, p) is called anodel

The following clauses provide a simultaneous recursive definition of
truth on a model(T1, p) F A) and the “lifting” of the partial reference
function p from assigning referents to just constants to arbitrary terms. In
order to handle the case for the quantifier, suppose that the rciddel
is saturatedin the sense that for any € D there is a constant; in the
language such that(c,) = d (so that all members db have names).
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First the definition deals with atomic sentences:

(p(t1) ... p(ty)) € S,
if p(t;) | (for L <i <n)
(T1, p) E P(t1...t,) iff andIT;(P) = (S, £);
I;:(P) = (S, +),
if p(t;) 1 forsomei € {1,...,n}.

The case for the connectives are as us(dl; p) F A A B iff (IT, p)
F A and (I, p) £ B; and similarly (I, p) E —A iff (IT, p) ¥ A. As
mentioned, the case for the quantifier is handled substitutionally:

(T1, p) EVxA fffforall d € D: (I1, p) E Alca/x].

Turning to identity, recall that the principle of indiscernibility governs
identity between terms with no existential import. Accordingly, we have:

_ e o) =p(t2), if p(t1) | Orp(e2) |;
(I p) Fty =12t {nn — M, ifbothp(y) t andp(r) 1.

Finally, the promised extension pfto descriptions:

p(1xA) =d, if (3d e D)1, p) E Alcqa/x];
{p(?xA) M, otherwise.

It is easy to see that according to this definition sentences involving
terms with no existential import can be true on some interpretations and
false on others, and not all atomic sentences containing such terms need
have the same truth value. So for instance there are interpretations on
which “Pegasus is a horse” is true, but “Vulcan is a horse” is false. It is
worth nothing that all identities of the formr “= ¢” will turn out true,
and that whenevet = 1, is true then the same sentences are true of them
(i.e.,7; andr, are indiscernible), regardless of whether they have referential
import or not. In other words, the indiscernibility principle

n =t — (Alty) < A(r2))
is logically true, as is Lambert's Law, i.e.:

Vx(x = 1yA(y) < Vy(A(y) < y =Xx)).
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3. MODEL THEORY

This section presents a few fundamental facts about the semantic frame-
work, primarily compactness and interpolation. These are important prop-
erties because they set apart proto-semantics from other frameworks for
positive free logic such as the supervaluational approach of [6]. In partic-
ular, it was shown by Woodruff [22] that supervaluational semantics is not
compact and supervaluational validity is not recursively axiomatizable (it
is, in fact, 1‘[}). In turn, interpolation yields the definability theorem, an
important tool if free logics are to be applied in computational contexts,
where a function can be defined by arbitrary expressions.

3.1. Compactness

The compactness theorem for proto-semantics states that if'acfeten-
tences is finitely satisfiable théhis satisfiable. The proof is modeled after
the usual Henkin construction.

Step 1. Given a finitely satisfiable sét of sentences, we expand the lan-
guage by adding countably many new constanis,, cs, .. .; let ¢; (for

i > 0) be an enumeration of the formulas of the expanded language having
one free variable. Then exterdto a setl™ by adjoining all sentences,

of the form:

EIX(ﬂn - (3}/(}’ = Cn,') AN @n[cni/x])a

wherex is the free variable of,, andc,, is the first new constant not
occurring in any of the sentencésfor j < n.

LEMMA 3.1. T is finitely satisfiable.
Proof. Let T’y be a finite subset of" and consider and arbitrary finite
subset of™":

Ty =ToU{6:.....0).

For simplicity assume = 1. By hypothesis, there is a modél, p) such
that (1, p) F I'g. We distinguish two cases.

First case (I1, p) F —3¢;, thend;, is true on(T1, p).

Second casdIl, p) F J9i;; then for somel € D, (I1, p) F @i, - Let
¢ be the new constant occurring 8, and let(IT’, p") be the model just
like (T1, p), except thap’(c) = d andIl; = I1.,. Then(IT', p’) = 6;, and
hence satisfieEj,. O
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LEMMA 3.2. Let (I1, p) be a model. If bothp(r) 4 and p(¢') 1 and
1, = I, then for everyy

(I1, p) F (1) < (I1, p) F @(t).

Proof. By induction ofgp. O
Step 2. Now we extend™ to a maximal finitely satisfiable sé in the
usual way. Let{gp, : n > 0} be an enumeration of all the sentences of
the language. Pudy = I’ and, assumin@®,, already defined, pu®,,; =

0, U{p,} if the latter is still finitely satisfiable, and 163, ; = ®,U{—¢,},
otherwise. Finally, put

@:U@n.

n>0

As in the case for first-order logic, the following are easily established:

1. for eachm, O, is finitely satisfiable (the connectives are classical);
2. for eachy, eithergp € ® or —¢ € B;
3. if 3xp € ©, then for some term, p(¢) € ©.
Now we proceed to define a modél, p) for ®. First let
U={t:3x(x =1) € B},

and as usual define an equivalence relatioon U by lettings ~ ¢’ if and
only if t =+’ € ©O. If we denote hyj¢] the equivalence class gfwe obtain
the domain of the interpretation:

D ={[t]:t € U}.
Next, define the reference functignas follows:

)l ifreU,
p(’)_{T ifr ¢ U.

The next item is the assignment of extensions. For eaplace predi-
cateP, let

ext(P) = {[1]...[ty] : Pt1...1, € O).

Having done this[1; can be directly defined: for eaehplace predicate
[;(P) = (ext(P), +) & Pt € O,

and

IT7:(P) = (ext(P), —-),
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otherwise. This completely specifies a modHl, p). There is no need
explicitly to give the clauses faifl, p) = ¢ = ¢/, for identity is part of the
logical vocabulary. In particular, it will be the case that if eitl€r) | or
o) | then(Il, p) £ ¢t = ¢ ifand only if p(r) = p(¢"); and otherwise
I, p F t =¢ ifand only if T, = I1,.

LEMMA 3.3. Inthe modelTlI, p), p(1xA) | ifand only ifp(1x A) is the
uniqued € D such that(T1, p) E A(cy).

Proof. For the non-trivial direction: assumg(1xA) |. Thendx(x =
1xA) € 0. It follows thatdxVy(A(y) < x = y) € O, because otherwise

{FxVy(A(y) < x =y), Ix(x = 1xA)}

would be an unsatisfiable finite subset®f Hence, ifA(r) € ©, then
t =1xA € ® and[t] = [1xA]. O

LEMMA 3.4. Suppose that both(z;) + andp(z,) 1. Then(I1, p) E t; =
t if and only if for every formula (x),

(I1, p) F ¢(11) < ¢(12).

Proof. By induction ong. O

From the previous lemma we immediately obtain that &ndz, are non-
denoting terms (in the modé€lT, p) obtained above), thefll, p) F 1, =
tp if and only if IT,, = I1,,.

Having come so far, it is the easy to prove that the usual properties of
maximal finitely satisfiable sets hold, and hence to show that the obtained
model(IT, p) verifies all sentences i® and hence also all sentenced’in
This concludes the proof of the compactness theorem.

3.2. Interpolation

Consider now Craig’s Interpolation theorem. The reader might consult the
proof of Chang and Keisler [3, pp. 87-90], to see exactly what added com-
plications are necessary for the proof to go through in the framework of
free logic. For simplicity, assume a languagevith no function symbols.
Observe that any argument for classical first-order logic that only requires
appeal to either universal introduction (generalization on constants) or ex-
istential elimination can be reproduceedrbatimin the present framework.

On the other hand, one needs to develop workarounds for any arguments
depending on universal elimination or existential introduction. In what
follows, atheoryis just a set of sentences.
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DEFINITION 3.5. Consider language’; and.L,, and letLy = LN L.
If C is a set of new constants not alreadydnuU £, let £ = £; U C (for
i=0,1,2).

Let S andT be theories in, and.L, respectively; lep, ¢ be sentences
in £1 and<L; respectively, and a sentence i;,. Then

(1) 6 separatesheoriesS andT if and only if S = 6 andT F —6.

(2) 6 separates andv if and only if its separate&p} and{v}.

(3) S and T areinseparableif and only if there is no sentenag that
separates them (similarly fgrand, being inseparable).

(4) 6 is aCraig interpolantof ¢ andy if and only if ¢ F 6 andé = , and
moreover every relation and constant symbols (other than identity)
occurring ind, also occurs in botky andvr.

The following definition provides an infinite supply of syntactically dis-
tinct non-denoting terms.

DEFINITION 3.6. For eacl > 0, lett, be the term
XX #EX)AN- A (X FX).

n times

As we noted, the termsg are syntactically distinct; moreover, they are non-
denoting in every model. It follows that, although the matrices of the terms
1, are logically equivalent to one another, they can be assigned arbitrary
proto-interpretations, a fact that will be made use of in the proof of Craig
interpolation.

LEMMA 3.7. LetO(xq,...,x,) be anL-formula, with the free variables
shown, and lep, ¢ be L-sentences such that all non-logical symbol8 of
already occur in botly and .

If c1, ..., c, are new individual constants not occurring in anygafy
or 6, andf(cy, ..., c,) separatesp and ¢, then there is a Craig inter-
polant ofg and—1r.

Proof. In classical first-order logic, it suffices to observe that the uni-
versal closure of is the desired interpolant. Such an easy solution is not
available in free logic, as some of thegs might be non-denoting.

Givené, ¢ andy, pick n terms of the form; not already occurring in
0, ¢, or ¢. With no loss in generality, assume thesewre. ., ¢,.

Introduce the following notations: lét= {14, ..., ¢,}, and let 2 be the
power set ofl. GivenJ € 2!, let9[J] denote the result of simultaneously
substituting eacly € J for x; in 8, and letvd[J] be the universal closure
of 0[J]. Put
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The sentenc®* is an interpolant ofp and —y. To see this, it suffices
to establish the two claimg F 6* and6* E v, as the conditions on
non-logical symbols is clearly met.

Part (1): adp E 6*. Let (I, p) E ¢; suffices to show thatlT, p) is a
model of some disjunct if*. In fact, (I1, p) is a model ofeverydisjunct
of 6*.

Let (I1, p) F ¢ be aL-model, andvd[J] any disjunct ind*, to show
(1, p) E VO[J].

Note that since, ..., ¢, do not occur inp, any expansiorIl’, p’) of
(I, p) to the languaget’ = L U {cy, ..., c,} still is a model ofp; and
sincey F 0(cy, ..., ¢,), any such expansion is a modelait,, .. ., c,).

Now letx;,, ..., x;, be the free variables df[J], and pick arbitrary
elementsuy, ..., a, of the domain off1. Let (IT'p’) be the expansion of
(IT, p) such that:

(1) p'(cy,) = ax, fork € {1, ..., m} (with IT'(¢;,) defined in any arbitrary
manner);
(2) p'(c;) + andIl(c;) = I1(;), for¢; ¢ {ciy, ..., ci, )

Then(IT'p) E O(c,...,c,), whence alsdIl’, p’) E 0[J]1lci,/xiy, - -,
¢, /x;, 1, and by the arbitrariness of, ... ., a,,, also(IT’, p") F VO[J]. But
now the constants,, . .., ¢;, ho longer occur ityo[J], so(I1, p) F VO[J]
as desired.

Part (II): ado* E . By hypothesis;my E —=0(cy, ..., c,). Let(I1, p) E
0*: then there is a disjun&to[J] of 6* such that(I1, p) = VO[J]. Assume
J ={u,....u,}, and expandIl, p) to a model(IT’, p’) satisfying:

(1) p'(cx) t, andIl’(c;) = (y,) fork e {1, ..., m};
(2) forc; ¢ {ci, ..., ci,}, pick an arbitrary:; in the domain oflT and put
p'(cj) = aj (with TI(c;) arbitrarily defined).

Then (IT'p") F 6(cy,...,c,), whence(IT'p’) E . Sinceyr does not
contain any oty, ..., ¢,, also(I1, p) F ¥, as desired. O

THEOREM 3.8. Letg, ¢ be L-sentences such thatF . Then there is
a Craig interpolantd of ¢ and .

Proof. We assume that there is no interpolarfor ¢ andy and show
thaty ¥ ¢ by exhibiting a model o falsifying . By Lemma 3.7¢ and
—r are inseparable. Let

9007 9017 9027 71//07 l)//]_7 l//27
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be enumerations of) and ., (where these are defined as in 3.5). We
construct two increasing sequences of theofiegs 7: C --- andUy C
U, C ---; proceeding by induction, we ply = {¢} andUy = {—¢/}.

For the inductive step, we obtaif,,, andU,, 1 from T,, andU,, by
the following procedure:

1. if T,, U {p,} andU,, are inseparable, then pyy, in 7, 1;

2. if U, U {¥,,} and the result of step (1) are inseparable, then/puin
Um+l;

3. if ¢, is an existential sentence, says(x), andy,, has been listed in
T,.,1 in step 1, then pick a new constanhot already inT;,,, U,,, ¢,, Of
Ym, and put(c) in T 11;

4. if 4, is an existential sentence, sawé (x), andyr,, has been listed in
U,..1 In step 2, then pick a new constannot already in7,,, U,,, ¢,
or yr,,,, and putt(c) in U, ;1.

This completes the definition of the two sequences. For egch, and

U,, are inseparable. Fdf andUy are inseparable, and the inductive step
preserves inseparability. Clearly inseparability is preserved by steps (1)
and (2) in the definition of},, .1 andU,,. ;. And the classical argument that
adjoiningé& (c) when3x& (x) is already present only depends on existential
elimination, which, as observed, is valid in free logic.

Now let T, = U,>0T, and similarlyU,, = U,>oU,. By compactness,

T, and U, are inseparable, and, in particular, both consistent (for the
purposes of this proof, take ‘consistent’ to mean ‘satisfiable’). Of course,
the theorem requires the stronger claim thatu U, is consistent.

Next, observe thal,, is a maximal consistent theory i) andU is a
maximal consistent theory ii5,. Suppose for instance tha},, —¢,, ¢ Tw.
Thenifg, ¢ Ty, alsog,, ¢ T,.1, which implies that7,, U {¢,,} andU,,
are separable, and therefore that there is a senteate, such that

TwE@,—0 and U, F —0.

Similarly, forn such thatp, = —¢,,, If ~¢,, ¢ T,.1thenthereis a sentence
0" of L; such that

T E =@, — 0 and U, E —0'.
By propositional logic,
T.E0ve and UykE—(6VvE),

against the fact thaf,, and U, are inseparable. This shows tHat is a
maximal consistent set; the maximality @f, is similar.



PROTO-SEMANTICS FOR POSITIVE FREE LOGIC 289

The last fact needed before we can construct a model igthat U,
is maximal consistent inC;,. Let & be any.Ly-sentence. Since we know
that T, N Uy IS consistent, we need to show that eithet T,, N Uy, Or
=0 € Ty N Uy. Since each of,, andU,, is maximally consistent in its
own language, either € T, or =0 € T,,; and similarly eithep € U, or
-0 € Uy. Of the four resulting cases, by inseparability, we cannot have
0 € T, and—0 € Uy, or vice-versa. So there are two cases left: eithisr
in both T, andU,,, or —@ is, as required.

Finally, we construct a model fdf,, U U, (and hence fofp, —y}).
This is where the argument again deviates somewhat from the classical
proof. SinceT,, is consistent, lel1,, p1) be a model ofl,, with domain
D;. Clearly D; contains denotationg;(c) for all constantsc such that
T F 3x(x = ¢). Now consider the modé&l1’, p;) having domain

D] = {pi(c) : T E Ix(x = ¢)},

and wherg(IT7, p;) are otherwise unchanged. This new model is elemen-
tarily equivalent to(IT, p) (by induction on sentences, using the fact that
T, has witnesses to all the existential claims), and therefore still a model
of T.. Similarly, U, has a mode{IT,, p5) having domainD, comprising

all and only the denotations of the denoting constants.

Now consider(IT7], pf) and (I13, p5), the reducts of(I1}, p;) and
(IT, p3), to the languaget; (with the same domain®; and D,). The
mappingh: D] — D such thati(p;(c)) = p5(c) is a “classical” isomor-
phism between the two models, in the sense Ahiata bijection of the re-
spective domains with the property that for eaetuple pf(c1), . .., p{(c,)
and predicateP, if (IT{(c1...c,))(P) = (S1, £), and(I15(c1 ... c,))(P)
= (8, ) then

(pjll_/(cl)7 ceey pjll_/(cn)) S Sl < (h(pjll_/(cl))7 ceey h(pi/(cn))) S SZ-

That# is such a “classical” isomorphism follows from the fact tiigt N
U is maximal consistent itC;,. By the same token, we see that the same
terms must be denoting iI17, p;) and (I13, p3), and moreover that if
t is ann-tuple containing a non-denoting term (in either model), then
(T1{(1))(P) has a+ sign if and only if(IT5(¢))(P) has+ sign.

Thus, for eachi-tuple 7 of terms,I1](7) can differ fromIT5(z) in the
sign of the extension they assign to some predidatenly if r contains
only denoting terms. But such conflicts are inconsequential, meaning that
they make no difference as to the truth values of sentences, and therefore
can be settled in some arbitrary manner (in favollf say), preserv-
ing the truth values assigned to sentences. Therefore, we can “identify”
(I17, p7) and (I13, p3), resolving inconsequential conflicts as indicated.
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More precisely, this shows that it is possible to expérd, p;) to a.L} U
L5-model of Ty, U U O

3.3. Beth Definability

As is well-known, in classical first-order logic, Beth’s definability theo-
rem follows easily from Craig’s Interpolation theorem. In this subsection,
we offer the analogous proof for positive free logic with proto-semantics
(again, the reader is invited to consult [3] for comparison). First, a few
definitions.

DEFINITION 3.9. Fix a languageC and consider twa-place predicate
symbolsP and P’ not in L. Let X (P) be a set of sentences iU {P},
and X (P’) the set of sentences df U { P’} obtained by writingP’ for P
throughout.

(1) X (P) weakly implicitly define® if and only if
S (P)UX(P) EVi(P() < P'(X));
(2) X (P) weakly explicitly define® if and only if there is formulap (x)
of £ such that
Z(P) FVX(P(x) < ¢(X));
(3) X (P) implicitly definesp if and only if
S (P)UX(P)E P <« P(0);
wherec is ann-tuple of new constants not if;
(4) X (P) explicitly definesP if and only if for some formulap(x) € £
Z(P)F P(c) « ¢(0),
wherec is ann-tuple of new constants not ifi.

It is worth noting that in classical first order logic implicit and explicit
definitions are equivalent to their weak counterparts, but these notions
come apart in a free framework.

THEOREM 3.10 (Beth definability).Fix a language.L and twon-place
predicatesP and P’ not in L. As before X (P) is a set of sentences from
L U{P}, and Z(P’) the result of replacing? by P’ throughoutX (P).

(1) If X(P) weakly implicitly define®, thenX (P) weakly explicitly de-
finesP.
(2) If =(P) implicitly definesP, thenX (P) explicitly definesP.
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Proof. First we show that part (1) follows from part (2). With no loss
in generality we do the case whekeis a 1-place predicate symbol. So
assume thak (P) weakly implicitly definesP:

S(PYUXZ(P)EVx(P(x) < P(x)),
and abbreviat@x(x = ¢) by E!(c). Then, where: is a new constant,
S(PYUX(P)YU{E!c)} E P(c) < P'(0).

This implies thatz (P) U {E!(c¢)} implicitly definesP, whence by part (2)
there is a formula (x) € £ such that

L(P)ULENO} F P(c) < ¢(0),

whenceX(P) F Vx(P(x) < ¢(x)), as required. Now we move on to
part (2). Assume that

X(P)UZ(P)E P(c) < P'(c).

By compactness, there are finite subseéP) and X (P) of X (P) such
that

5(P)UZG(P') E P(c) — P(c).
By putting Xo(P) = Xo(P) U Zj(P) we have
Yo(P)U Xo(P") E P(c) - P'(c).
Rearranging:
Zo(P) U{P()} F \ Zo(P) — P'(0),
and by interpolation there is a formufdx) € £ such that:
Zo(P)U{P(0)} F () and ¢(o) F /\ To(P') — P'(c).
In other words:
Yo(P) E P(c) > ¢(c) and Xo(P) F ¢(c) — P'(c).

From the second of these, singee £ and therefore does not contain
either P or P’, we have

Zo(P) F o(c) — P(c),
which, together with2o(P) E P(c) — ¢(c) gives
Zo(P) F ¢(c) < P(o).

SinceXqo(P) C X (P), the desired conclusion follows. O
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4. COMPLETENESS

In this section we introduce a particular system of axioms for positive
free logic (due to Lambert [13]), and we show that proto-semantics is
(sound and) complete for such an axiom system. In the presence of com-
pactness, one way to establish completeness is to introduce a refutation
procedure, such as truth trees, and establish that all validities are prov-
able by showing how to obtain a counter-model from a failing or non-
terminating refutation attempt. Such refutation procedures for free logic
are available in the literature, and no doubt they could be used in the
present proto-semantical framework. Nonetheless, the argument of this
section relies on a Hilbert-style axiomatization and a direct argument for
strong completeness.

4.1. The Axioms

The set of axioms for Positive Free Logic (PFL) is characterized as fol-
lows:

1. All tautologies are axioms;

. All formulas of the fornvx(¢ — ) — (Vx¢ — Vxy) are axioms;

. All formulas of the formvy(Vxg — ¢(y)) are axioms;

. All formulas of the formvxVyp — VyVxe are axioms;

. All formulas of the formy = ¢’ are axioms;

. All formulas of the forny =t — (¢(t) — ¢(t')) are axioms (where
@(t") is the result of writing:’ for zero or more occurrences ofin
p(1)).

7. If ¢ is an axiom and a variable, thevx¢ is an axiom.

8. Nothing else is an axiom.

OO~ WN

The system has only one rule of inference, nanmetydus ponendf I'
is a set of formulas, we writ€ + ¢ to mean that there is a sequence
of formulas of PFL, the last one of which ¢g§ and every formula in the
sequence is either an axiom, or is frémor is obtained by modus ponens
from previous formulas in the sequence. WHiehR ¢, the formulag is a
theoremof PFL.T is consistenif I" ¥ ¥ A = or, equivalentlyI" ¥
for somey.

It is known that in the presence of identity, axioms of the f&MniVxe
— ¢(y)) are equivalent to the more standard, although less elegant,

Vxp(x) Adx(x =t) — @(1).
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Also (a fact that will be needed below), existential elimination is admissi-
ble: if AU{E!(c), ¢(c)} F ¥ (c a new constant) then alreadyU {Ix¢} -
¥ (see [2, p. 199]; see also [10]).

One can show, by the usual inductive argument on the length of proofs,
that the axiom system presented hersasindfor proto-semantics, i.e.,
that if ' - ¢ thenl” F ¢.

4.2. Completeness

The strategy to prove that F ¢ impliesT + ¢ is to suppose thdt ¥ ¢
(equivalently:I' U{—¢} is consistent) and construct a modeldfalsifying
@. In turn, as usual, it will suffice to establish the following theorem.

THEOREM 4.1. Any consistent set of formulas is satisfiable.

Proof. After the model-theoretitour-de-forceof the preceding section,
we can afford to be somewhat cavalier about the model construction. Let
" be a consistent set of formulas. As in the proof of compactness, the first
step is to introduce infinitely many new constaats and extend" to a
setl” by adjoining all sentences of the form

xp — @y(y = ) Aglei/xD),

for each formulap of the expanded language, wheyés a suitably chosen
new constant. Then the resultiiy is consistent ifl" is (by existential
elimination).

Next, I'” is extended to a maximally consistent &etn the usual way,
by adjoiningy or —¢ according as the former or the latter preserves con-
sistency. Finally, a model is extracted fragin the same way as in Sec-
tion 3.1. O
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