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1 Some History

Circularity has been the subject of centuries of philosophical bad press. There is a long tradition,
going back at least to Aristotle, according to which circularity in all its many forms is characterized
as an obstacle to real conceptual and philosophical progress.

In the Posterior Analytics, Aristotle takes up the position of those who hold that all knowledge
is demonstrable, and, hence, scientific. Such people are said to base their arguments on the fact
that some demonstrations are circular or reciprocal (72b25'). As Aristotle makes clear in the text,
a circular demonstration consists of an argument (form) in which the conclusion is equivalent to
one of the premises. But as Aristotle hastens to point out, demonstrations cannot be circular, for
the essence of demonstration is to proceed from what is prior to what is posterior, and the same
things cannot be both prior and posterior. A circular demonstration has the form ‘if A is, then B
must be;” and ‘if B is, then A must be’: “consequently, the upholders of circular demonstration are
in the position of saying that if A is, A must be—a simple way of proving anything” (73a5).

While it is hard to disagree with Aristotle’s first conclusion (that circular demonstrations fail
to increase our confidence in their conclusions), there also seems to be a peculiar confusion at work
here, a confusion that is still at work in Thomas Aquinas’ influential commentary on the Posterior
Analytics (see [8]). After summing up and explaining Aristotle’s argument from the Posterior
Analytics, and coming to the conclusion that a circular argument is (equivalent to one) of the form
“if it is A, it is A,” Aquinas concludes that in this way “it will be easy to demonstrate all things”
8, p. 29].

What is missing, in both Aristotle and Aquinas, is a clear-cut distinction between an argument
and its conclusion, a distinction that has forcefully entered modern logic only recently, and most
notably with the notion of conditional proof. The argument form “if it is A, it is A” (and any
of its variants), while circular, is clearly valid. The fact that the inference “A; therefore A” can
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be validly carried out for any A does not imply that any proposition A whatsoever can be validly
demonstrated. Failure to recognize this fact has led Aristotle (and, with him, Aquinas) to rule out
circular demonstrations.

Having noted this peculiarity, we now pass to the second, more interesting attack mounted by
Aristotle on the notion of circularity. This attack targets the notion of circular definitions. Perhaps
the locus classicus for this is book I of the Physics, where Aristotle is concerned with drawing a
distinction between ‘separable’ and ‘non-separable’ attributes. An attribute is separable (roughly)
if it is accidental: if it may or may not belong to the subject. For instance, ‘sitting’ is a separable
attribute, whereas ‘snub’ is not. The point is that ‘snubness’ contains the definition of ‘nose,’ to
which ‘snubness’ is attributed (186b20). Aristotle goes on noticing that if the definition of the
whole is contained in the definitions of the attributes making up the definitory formula (the way
‘biped’ or — we add — ‘rational’ is supposed to be an exclusive attribute of ‘man’), then the whole
must be a separable attribute, otherwise the definition of ‘man’ would occur in the definition of
‘biped’ (or ‘rational’) — “which is impossible, as the converse is the case” (186b30).

Here Aristotle very clearly condemns definitions that are circular in that the definiendum in
turn occurs in the definitions of the terms making up the definiens®. Again, it is instructive to
look at Thomas Aquinas’ analysis of the passage (in his Commentary on Aristotle’s “Physics” [9]).
He clearly identifies two assumptions Aristotle makes in the Physics: the first is the distinction
between separable and inseparable attributes. Of these two terms, the latter is “the accident in
whose definition is placed the subject in which it is,” as in the case of ‘snub’: “nose is placed in the
definition of snub. For the snub is a curved nose” ([9, p. 25]). More importantly from our point of
view, the second assumption is that

if certain things are placed in the definition of that which is defined, or in the definition
of the things on which the definition depends, then it is impossible that the whole
definition of that which is defined be placed in the definition of these certain things (|9,

p. 25)).

For if that were to happen, then we would have a circular definition. Why are circular definitions
bad? It is interesting to observe that Aquinas provides an epistemological ground: for then “one
and the same thing would be both prior and posterior, better known and less known” ([9, p. 26]).

Notice that this is the same kind of reason as those provided in order to ban circular reasoning.
More importantly perhaps, Aquinas explicitly recognizes that the ban on circular definitions is an
assumption, and that the Philosopher does not provide any explicit argument for it. And as with
all assumptions, this leaves the door open for us to explore what happens when the assumption is
dropped.

These pronouncements of Aristotle and Aquinas were extremely influential throughout the his-
tory of philosophy. We will not document here the many instances in which they were taken up
again (mostly in the form of somebody’s having to defend oneself from the infamous charge of
circularity). But we will take notice that, at the other end of the parabola, the same worry about
circularity is voiced by Russell and appears to be behind his vicious-circle principle:

“Whatever involves all of a collection must not be one of the collection”, or, conversely:
“If, provided a certain collection had a total, it would have members only definable in
terms of that total, then the said collection has no total”. ([19, p. 155]).

As Russell himself readily acknowledges, this principle is purely negative: it does not tell us what
collections are to be admitted, but only which ones cannot be allowed. The vicious circle principle

2See [5] for an overview of the terminology and the issues occurring in the theory of definitions.



reflects a preoccupation with impredicative definitions, i.e., definitions that involve reference to
some totality of which the object being defined is part.

The fairly simple basic intuition underlying the vicious circle principle is then put to work by
Russell to give rise to a complex apparatus, the Ramified Theory of Types. The details of the theory
need not concern us here, except to remark that the theory is meant to rule out not only circular
definitions, as was the thrust of the above quote, but to rule out circular predication altogether.
The Theory of Types regiments the language in such a way as to rule out predication loops. As a
consequence, also circular definitions are ruled out.?

The purpose of this paper is two-fold. Our first aim is to show that in spite of these and many
other pronouncements, circularity and especially circular definitions are ubiquitous. Second, we
will provide at least preliminary evidence that circularity is, in at least a few instances, a desirable
phenomenon. Indeed, many fields of human inquiry have to deal with one form or another of
circularly characterized phenomena, so that some account of circularity is needed if these are to
be accounted for at all. We provide three examples of this: the first is the reconstruction of a
classic theorem of set theory, the Cantor-Schréder-Bernstein theorem, that brings the underlying
circularity in the foreground; the second is a “revision-theoretic” analysis of general (i.e., total)
recursive functions over the natural numbers; and the third is an account of defeasible reasoning
that highlights the connections to the theory of truth.

2 Circularity and Fixed Point Equations

As mentioned, in this paper we are going to focus on circular definitions, aiming to show that they
come in in many fields of human enquiry. In particular, we will take into special consideration
circular definitions in the form of explicit equations such as

S = o(5), (1)

where S can be a set, a relation, or a function, ®(5) is an expression in which S itself occurs, and
‘="1s to be interpreted broadly and appropriately as an identity or an equivalence. Equalities such
as the above are banned in the standard modern theory of definition, precisely because of their
circularity.

The modern theory of definition imposes two requirements of any expression that is put forward
as a definition (in practice, such expressions are often explicit equalities or equivalences, but the
requirements are completely general). The first is the requirement of eliminability: the theory of
definition requires that the definiendum be eliminable in every context in the sense that for any
expression containing the definiendum there must be an equivalent expression not containing it.
The second requirement is conservativeness: adopting the definition must not allow us to draw any
conclusions not involving the definiendum that were not inferable before the definition was adopted.
Consider for instance a classic definition such as

man = rational animal.

30n the set-theoretic side, a theory that takes the intermediate route of ruling out circular definitions but not
circular predication (i.e., membership) is Quine’s “New Foundations” — see [6] for more information and further
references.

4The modern theory of definition originated with the Polish logician S. Lestiiewski — again, see [5] for an intro-
ductory treatment and further references.



The definition meets the two requirements: the definiendum is eliminable, because any expression
containing ‘man’ is equivalent (given the definition) to the result of replacing ‘man’ by ‘rational
animal’ throughout. The definition is also conservative, since no new conclusions concerning, say,
prime numbers or elephants become inferable once the definition is adopted ([5]).

Circular definitions, however, behave quite differently. The most notable feature is that the
definientia are not eliminable. Even if we replace the left-hand side by the right-hand side of (1) in
any given expression A, the resulting expression B still contains occurrences of the definiendum S.
This is essentially the reason why circular definitions have been ostracized in the modern theory.’

But as we mentioned, circularity is ubiquitous. Quite often we inquire about the existence of
entities satisfying certain conditions, and these conditions can most naturally be expressed in the
form of explicit equations or equivalences such as (1).

A remarkable amount of work has been devoted to the study of such (so-called) “fixed point”
equations and the conditions under which they have solutions. The remainder of this paper is
devoted to providing examples of this phenomenon, but not before outlining the most important
procedures developed for making sense of such circular definitions.

Two main devices have been put to use in order to make sense of circular definitions such as (1).
The first device exploits an inductive construction, and although of more limited applicability than
the other one, yields solutions that are in may ways ideal. The second device exploits the method of
reviston rules introduced by Gupta, Belnap and Herzberger in connection with the theory of truth
and later developed into a full-fledged general theory of circular definitions in Gupta & Belnap [11].
Let us begin with the first one.

Consider again an equation such as (1). Such an equation, as it stands, is a mere formal object,
and as such is in need of being interpreted over some given domain. In particular, what we need
in order to interpret it is a space of potential extensions of the symbol S. This must be given, or
else we have nowhere to go. Once such a domain D is given, then it is natural to interpret the
equation (1) as an operator mapping hypothetical extensions of S into hypothetical extensions of
S (i.e. a function from D into D). Once a hypothetical extension of S is given as input, we use
it to interpret occurrences of S in ®(.5), evaluate the resulting expression to obtain a hypothetical
extension of S as output. And of course, the process can be indefinitely iterated.

Now, depending on the particular features of the definiens ®(S), it is possible that the hy-
pothetical extensions successively obtained in this way get increasingly “better” (in a sense to be
made precise). If this is the case, then the iteration process culminates in a fized point, i.e., a
hypothetical extension for S that cannot be further improved. In other words (and with a slight
abuse of notation), a fixed point is a hypothetical extension S* for which, indeed, S* = ®(S*)
holds. The mathematics behind this approach is reviewed in the next section.

The second device that allows us to make sense of circular definitions — Revision Rules —
is really a generalization of the inductive construction just mentioned.® In some cases, there is
no guarantee that the iteration of the operator ®(S) will yield progressively “better” hypothetical

5As will be apparent from the treatment of Section 4, one of the claims of the paper is that ordinary recursive
definitions are indeed a kind of circular definitions — albeit a kind we know how to treat. In this context, consider
the definition of addition by means of the two equations:

z+0 = =z

ety = (z+y),
where 7/ is the successor of y. The definition fails the eliminability criterion, for it does not allow us to eliminate the
symbol ‘4’ from, say, VzVy(z +y = y + =) — although it does allow us to eliminate it from 5+ 7 = 12.

6See Antonelli [3] for a more detailed account of how revision rules can arise naturally by relaxing and generalizing
the monotone construction — at least in the case of numerical computation.



extensions of S, and this in turn means that a fixed point might not be eventually reached. This
leaves us with the problem of still making sense of the definition.

It is precisely in order to solve this problem in the particular case of truth that Gupta & Belnap
developed the Revision Theory of Definition. In this paper we purposely avoid touching upon the
topic of truth. Still, we want to take a look at how Revision Rules can be motivated as a general
tool for the analysis of circular definitions, including truth.

Part of the reason why circular definitions have been ruled out in the classical theory is the
idea that a definition, among other things, should allow us to fix the extension of a concept: the
preferred way to determine whether an object x falls in the extension of a concept S is to ascertain
whether x satisfies the definition of S. If the definiens itself contains occurrences of S, then it
might be impossible to determine whether anything satisfies without knowing the extension of S,
but that is precisely what we set out to do.

To make things more complicated, sometimes no non-circular definitions are available for a
given concept. This is the case of the concept of truth, construed as a predicate of sentences of
a given language. If the language in question itself contains the truth predicate then circularity
can arise. Tarski [21] suggested that for any sentence ¢, the following equivalence (known as a
“T-biconditional”) might be regarded as a partial definition of truth:

t is true if and only if ¢,

where ¢ is a term denoting ¢ (for instance, ¢ could be obtained by enclosing ¢ in quotes). If ¢
itself contains occurrences of “is true” the T-biconditional for ¢ exhibits a form of circularity. As
is well known, this circularity can lead to paradoxes, most notably the so-called “liar paradox”
arising from the consideration of the T-biconditional for the following sentence A\: \ is not true.
This circularity appears to be unavoidable as long as we insist that the language contain its own
truth predicate (as is the case for English and other natural languages).

The Revision Theory of Definition of Gupta & Belnap does away with the idea that the primary
goal of a definition is to fix the extension of the definiendum. Rather, they interpret a circular
definition S = ®(5) as providing a rule of revision, i.e., a way to improve upon hypothetical
extensions of S. In this, the revision-theoretic approach is quite similar to the approach behind the
inductive construction, but, as already mentioned, it is more general.

The inductive construction exploits the fact that the potential extensions of S get increasingly
“better” in order eventually to reach a fixed-point, i.e., a solution for the equation. When the
sequence of hypothetical extensions does not exhibit such a behavior, the inductive construction
has nothing to say. On the other hand, on the revision-theoretic approach, it’s the pattern of
variation of the sequence that conveys the information. Should the sequence culminate with a
fixed point, all the better, but this is not required in order to provide an analysis of the proposed
circular definition.

In other words, what matters is the revision process itself. Starting with an arbitrary boot-
strapper or initial guess Fy as to the extension of S, we keep applying the “revision jump” infinitely
often: this means that we use the bootstrapper Ey to interpret occurrences of the definiendum S
in the definiens ®(.9); this gives us a revised extension Ej, which can in turn be used to interpret
occurrences of S in ®(S), obtaining Es, etc. This poses the problem of what to do at the limit
stage. Since there is no guarantee that the hypothetical extensions are increasingly each one better
than the previous, at limit stages we cannot simply “collect the accumulated wisdom,” for such a
wisdom might convey incompatible answers. Instead we renew our guess, subject to the constrain
that the new guess must cohere with the previous sequence.



Say that an extension E’ coheres with the sequence if it contains all items that are eventually in
every member of the sequence, and it omits all items that are eventually omitted by every member
of the sequence. In other words, for each item x we check if, beginning at some stage or other, x is
in every member of the sequence later than stage; in which case we require z to be in E’. Similarly,
we check if, beginning at some stage or other, = is outside of every member of the sequence later
than that stage; in which case we require z to be outside of E’. If E’' contains all z’s eventually
contained and omits all z’s eventually omitted, we say that E’ coheres with the sequence.

One of the central ideas behind the revision approach is to allow any guess at the limit stage,
as long as it coheres with the previous sequence, and then start applying the revision jump again
until a next limit stage is reached, a new coherent guess produced, and so on.

Let us emphasize again that what matters here is not whether the process eventually yields a
fixed point (which might indeed be the case, as we will see below), but the pattern of variation
exhibited for all possible bootstrappers and for all possible coherent guesses at limits. For instance,
it is possible that, even if the revision process never converges to a fixed point, there are some objects
x from D that are always eventually put in the extension, independently of the bootstrapper and
the different guesses at limit stages. If this is indeed the case, we have at least a partial answer
as to the extension of S: we know that it must contain x. Other patterns of behavior are possible
and equally interesting. For instance, there might be x’s that are always eventually omitted by the
various hypothetical extensions, in which case we also have a partial answer. Or there might be
items that stabilize one way for certain bootstrappers and the other way for the remaining ones,
exhibiting therefore a milder sort of pathologicality than items that never settle or only settle for
certain bootstrappers but not all.

These details are awaiting exploration, and Gupta & Belnap [11] is the obvious starting point.
What we want to emphasize here is that there is a rich landscape that was hidden by the inductive
construction and that deserves to be mapped and explored. Here we will be content to take a
cursory look at three examples of how one might go about making sense of circular definitions,
hoping that these examples will be representative of the ubiquity, usefulness, and elegance of such
a device.

3 The Cantor-Schroder-Bernstein Theorem

In this section we show that a central theorem in classical set theory can be recast as a fixed point
argument. Although this is not new, it is little-known enough still to be interesting. The Cantor-
Schroder-Bernstein theorem can be proved in many ways, but the proofs one finds in standard
introductory texts in set theory are strikingly cryptic: indeed, the fixed-point argument appears to
be by far the most perspicuous proof we know. It will also help make our point that circularity is
indeed ubiquitous even in those fields that are supposed to have banned it a long time ago.

It will be useful, before we start, to review some basic facts concerning monotone operators and
their fixed-points. Let D be a set and I" an operator on the power set P(D) of D. This means that
if X C D then also I'(X) C D. We say that I is monotone if, given any two subsets X and Y of
D,if X CY then I'(X) CTI'(Y). A subset Z of D is a fized point of T" if and only if I'(Z) = Z.

The remarkable thing about monotone operators is that they have many fixed points, and
among these there is a unique least fixed point. To see why, let us say that a subset X of D is
[-closed if I'(X) C X. Obviously, there is at least one I'-closed subset of D, viz., D itself. Now let

I'=({X CD:X is T-closed}.



Then [ is a fixed point of I': indeed, it is the least fixed point of I'. To establish this, we need to
go through a few intermediate steps.

3.1 LEmMA T'(I) € ({I'(X) : X is I'-closed }.

Proof. Pick an arbitrary I'-closed set X. Then I C X by definition of I, whence by monotonicity
I(I) CT(X). [

3.2 LEMMA [({['(X) : X is I'-closed} is a subset of (\{X C D : X is I'-closed }.
Proof. To prove the inclusion we need to show that for every I'-closed Y,
ﬂ{F(X) : X is I-closed} C Y.

In turn, let a be arbitrary such that a € ({I'(X) : X is I'-closed}; then a belongs to I'(X) for every
[-closed X and hence in particular a € T'(Y'). But Y is I'-closed, i.e., I'(Y) C Y, whence a € Y.
n

3.3 LEMMA [ is I'-closed, i.e., I'(I) C I.

Proof. This follows from lemmas 3.1 and 3.2 and the fact that I = ({X : X is I'-closed}.
]

3.4 LEMMA [ is a fixed point of I', indeed a least fixed point.

Proof. Given lemma 3.3, suffices to show I C I'(/). From I'(I) C I (by lemma 3.3), we have
I'(I'(I)) € I'(I) by monotony. This shows that I'(I) is I'-closed, so that I'(I) C I by definition.
This establishes the existence of at least a fixed point. To see that I is a least fixed point,
suppose H is a fixed point of I'. Then, in particular, I'(H) C H, and hence H belongs to the set
{X :T(X) C X}; since I is the intersection of such a set, I C H, as desired. [

In the particular case in which the monotone operator I' has a particular form of “continuity,”
it is possible to obtain a more concrete grasp of the least fixed point. Let us say that an operator
[ is continuous if, for every subset X of D and any a € I'(X) there is a finite subset Y of X such
that already a € I'(Y"). (Obviously then, monotony implies that a € I'(Z) for every Z D Y'.) Define
a sequence Iy, I1, ... of subsets of D by induction on n: first we set Iy = () and then (assuming I,,
already defined), put 1,11 = I'(I,).

3.5 LEMMA For every m,n > 0, if m < n then I, C I,,.

Proof. By complete induction on k = n —m. If k = 0 the result follows immediately. Consider the
case for kK > 0: we need to show that I,, C I, = I,,+1. By induction hypothesis, I, C I,15—1.
Also by inductive hypothesis, I,+x—1 C Intk, so that I, C I, = I, as required. ]

3.6 THEOREM Suppose I' is monotone and continuous, and let I be its least fixed point. Then
1= UnZO I,.



Proof. First we show I, C I by induction on n. The case for n = 0 is trivial since Iy = ) C I.
The inductive hypothesis gives I,, C I, whence by monotony I'(Z,) C I'(1). But I'(I) = I and
I'(I,) = In41, 80 In41 C I as desired. It follows that | J,,~o [n € 1. In this part of the argument we
did not make use of the hypothesis of continuity. B

Now for the converse inclusion, which does require the hypothesis of continuity. We want to
show I C J,;~¢ In- Since I is the intersection of all I'-closed sets, it suffices to show that (J,,~ In
itself is T'-closed, i.e.: -

r (UnZO I”) < UnZO I”

To establish the last inclusion, let a € F(Unzo I,). Since T is continuous, there is a finite set
A = {ay,...,a;} such that a € I'(4) and a; € U,5¢1n (for i = 1,...,k). Since ay,...,a €

U,>0 In, there must be integers ni,...,ny such that each a; € I,, (for i = 1,...,k). Now let
n* = max(ni,...,n;). Then by lemma 3.5, I,,, C I, ... In, C Ip+. So A C I,+; by monotony
I'(A) € I'(Ip+) = In<41 € U,>0In- Since a € T'(A), also a € |J,;>o In- The generality of a shows
that T'(U,;>0 In) € U,;>0 In, as required. - ]

Having reviewed some basic facts about monotone operators and their fixed points, we now
return to the Cantor-Schréder-Bernstein theorem. As mentioned, such a theorem is a main staple
of current set-theory, and yet a theorem that is usually proved in ways that are far from transparent.
The machinery of fixed points and, more in general, of finding solutions to fixed point equations
allows us to give a remarkably swift argument.

The theorem is motivated by cardinality considerations. Even before we formally develop the
concept of a cardinal number, we can make sense of cardinality comparisons between sets. For
instance we can say that the cardinality of a set A is not greater than (less than or equal to) the
cardinality of a set B if there exists an injective function f taking arguments in A and values in
B (a function f is injective if no two distinct arguments take the same value: if f(z) = f(y) then
T =1y).

Similarly, we can say that A and B have the same cardinality if there is an injective function
h from A onto B (a function h is onto a set B if for every b € B there is an argument a such that
h(a) = b). An injective function from A onto B is also called a bijection from A to B.

Of course, we would like that if the cardinality of A is less than or equal to the cardinality of
B and conversely the cardinality of B is less than or equal to the cardinality of A, then A and B
must have the same cardinality. In view of the proposed analysis of these cardinality notions, it
is not obvious how to obtain, given injections f : A — B and g : B — A, a bijection h : A «— B.
This is exactly the import of the the Cantor-Schroder-Bernstein Theorem. (A word on notation: if
f:A— Band C C A then we write f[C] for {f(z):x € C}.)

3.7 THEOREM (CANTOR-SCHRODER-BERNSTEIN) Suppose f : A — B and g : B — A are injec-
tions. Then there exists a bijection h : A — B.

Proof. The intuition is to construct the desired bijection h by piecing together the two given
bijections, using f on certain elements of A and g on other elements of B in such a way that the
choices are consistent.

In other words, we would like to find subsets X and Y of A and B respectively, in such a way
that f maps X onto Y and g maps the complement B — Y onto the complement A — X, as in
Figure 1 (this part of the argument is known as the “Banach decomposition.”) Provided we can



o[ B-f[X]]
= AX

Figure 1: The Banach decomposition.

do that, then h could be explicitly defined thus:

_ flx) if zeX;
h(x)_{z if x¢ X and g(z) =x.

So we need to show that such sets X and Y exist. In fact, since f[X] =Y, all we need is a set X
such that g[A — f[X]] = A — X. In other words we are looking for a solution for the fixed point
equation

A—yg[B - fIX]] = X.

Such a solution can be found using the machinery of monotone operators. For clarity, explicitly
define an operator I taking subsets of A into subsets of A such that for Z C A:

I'(Z)=A—-g[B - f[Z]].
All that is left to do is observe that I' is monotone:
YCZ = [flY]C[f[Z]
= (B-f[Z]) C
= yg[B-[flZ]] Cy[B - [[Y]]
= A-—yg[B-[flY]]C A-yg[B - [[Z]]
= I'(Y)CTI(2).

If we now let X be a fixed point of ', it is clear that X satisfies A — g[B — f[X]] = X, as desired.
]

4 General Recursive Functions via Revision Rules”

In this section we show how a well-known class of numerical functions, the class of the general
(i.e., total) recursive functions can be analyzed in terms of revision rules. The argument takes

A slightly different form of the argument in this section can be found in Antonelli [1]



two steps. First we review Kleene’s [13] analysis of recursive functions as defined by systems of
fixed point equations, specializing his treatment, however, only to those recursive functions that
are everywhere defined (total). Second, we show how to obtain solutions for all such systems of
equations simultaneously by means of revision rules.

The construction given here differs from Kleene not only in its being more specialized (general
recursive vs. partial recursive) and in its employing a different construction (revision rules vs.
monotone operators). Perhaps the main difference lies in its being a direct approach to the total
recursive functions. We explain.

As mentioned, the class of the partial recursive functions can be analyzed in terms of fixed-
points of monotone operators (see Antonelli [3] for more detailed treatment and further references).
It follows that also the total recursive functions are amenable to such a treatment, albeit only via
a detour through the partial functions. Such a detour might appear somewhat roundabout if what
we are interested in are only total functions. This section shows how to give an analysis of total
recursive functions directly, without such a detour, employing ideas and methods from revision
theory.

The idea is to proceed as it were “wholesale,” viewing an entire class of functionals as spec-
ifying a multiple rule of revision that allows us to represent (possibly infinitely) many functions
simultaneously. But first we need some auxiliary notions and facts.

4.1 DEFINITION A function F(Z,y) from N* into N is regular if and only if for all & there is a y
such that (i) F(Z,z) is defined for all <y, and (ii) F(Z,y) = 0.

4.2 DEFINITION The class of general recursive functions is defined as the smallest class of func-
tions containing the successor function s, the constant function = 0, and the projection functions
p.(z1,...,x,) = x; (for all 4,n such that i < n), and closed under the following operations:

1. Composition: if H,Gq,...,G,, are general recursive (with arity m and n, respectively), then
so is

F(z1,...,2n) = HGi(x1,...,2n), ..., G(T1, ..., 2p)).

2. Primitive recursion: if G and H are general recursive (with arity n and n + 2 respectively),
then so is

| Gz, 7)), if y=0;
F(y’xl"”’x")_{H(y,xl,...,:L‘n,F(z,xl,...,:L‘n)), if  y=s(2).

3. Least search applied to regular functions: if G is a regular general recursive function of arity
n + 1, then so is
F(z1,...,2n) = wy[G(y; 21, ... ,x5) = 0],
where, in general, uy[P(y)] denotes the least y such that P(y). So F(z1,...,x,) returns the
least y such that G(y;z1,...,z,) = 0 (such a y is guaranteed to exist if G is regular).

The general recursive functions were first developed by Kleene [13], and their special interest
lies in the fact that they are total, i.e., defined for every argument. Of course, a consequence of
this is that other interesting properties will fail, most notably the Enumeration Theorem® (as an

8The enumeration theorem for a countable class C of functions states that there is an assignment of indices from
N to functions in the class (so that C can be enumerated as, say, Fo, F1,...) and a function F, itself in C — this is
the crucial part — such that for all x: F(n,z) = F,(z) (and similarly for higher arities).
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easy diagonalization argument will reveal). The theorem holds for the partial recursive functions
(in which there are no constraints on least search), and this might help explain why the latter class
of functions is usually preferred to the general recursive as an explication of the intuitive idea of
“effectively computable” function. The connection between the two classes is made explicit by the
following well-known result, whose proof can be found in any introductory text in recursion theory,
e.g., [20, 18].

4.3 THEOREM The class of general recursive functions comprises all and only the partial recursive
functions that are total.

We now show that all general recursive functions can be uniformly represented by a unique
revision process. This will require that many different revisions can be carried out simultaneously.
The idea is as follows. Since the class of general recursive functions is inductively generated, we
choose some particular enumeration? of these functions and their definitions:

(@) = &
By(@) = @
Fo () = &,

where ®; is any one of the right-hand sides of the definition forms allowed for in Definition 4.2,
expressed as the conjunction of one or more equations (for instance two equations are required for
primitive recursion). Observe that only finitely many symbols Fj ever occur in ®; (for j <), and
F; itself might be among these.

Next, we uniformly change each definiens ®; in this enumeration to ®} as follows. Let ¢; (for
i € N) be countably many new function variables. Then ®7 is just like ®;, except that all occurrences
of symbols F; (including occurrences of Fj itself) in it have been changed to occurrences of ¢;).
If F; is obtained by least search from, say, the regular function (symbol) F}, then it might not be
obvious how to do the substitution, for the definition

F(zy, ... zn) = pylGy; 21, .- 20) = 0]

is not, prima facie, an equation or a system of equations. However, there are systems of equations
that achieve the desired result. An example, adapted and modified from Kleene [13], can be found
in Antonelli [3]. We will not give the details here: all that matters is that we have a system of
equations defining a function F™* satisfying the condition:

. Loy y7 lf G(y,l’laaxn):()’
" (y’x)_{ Fiy+1;3), it Gyo1,...a00) #0.

Then obviously the desired function F' can be obtained by setting
F(Z) = F*(0, 7).
9This by itself does not contradict what we said about the failure of the enumeration theorem, since the enumerating

function is not itself general recursive. The subscripts on the F;’s are not indices in the sense of the Enumeration
theorem, but only convenient devices to refer to the general recursive functions.
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It is important to observe that proceeding in this way we obtain a sequence of definientia ®
(each either an equation or a system of equations), in which the only symbols are symbols for the
primitive functions (successor, projection, constant function = 0), and the new function variables
b;.

The idea of the construction is then to choose denumerably many bootstrappers ;, and to
carry out the revision process simultaneously on all the F;, at each successor stage interpreting ¢;
by the result obtained at the previous stage, and taking inferior limits at limit stages. We adopt the
notation (Fl)%” (for p an ordinal) to refer to wholesale revision of F; through p stages under initial
hypothesis 1;, when the revision is carried out simultaneously for all functionals F; (for j € N). In
order to be rigorous, this needs to be defined by induction on p. When p = 0, then (Fl)%’z is just
the bootstrapper function ;. When p is a successor, say p = o + 1, then (F,)%Z is the function
whose value for each argument is obtained by interpreting each occurrence of variables ¢; in ®; by

the function (Fj)gj . Finally, for p a limit ordinal, all that we need is to define (Fl)?p, Intuitively
this refers to (partial) function whose values stabilize approaching p from below:

(F)%(x) =y = (B0 <p)(¥r <p)(if 720 then (F)(x) =)

We prove in the next theorem that the revision process outlined above, when carried out through
the first limit ordinal w, succeeds in representing all the general recursive functions. A word on

notation: in what follows we use f,g,h,..., with or without subscripts, as variables, that refer
to the functions eventually represented by the revision according to F,G, H, ..., with or without
subscripts.

4.4 THEOREM Let f be general recursive; then there is an elementary functional F' such that for
all z and ¥, (F)%,(z) = f(x).

Proof. Having done away with subscripts for the sake of conceptual clarity in the statement of the
theorem, we re-introduce them right away in its proof for the sake of notational perspicuity. So, as
we did above, let F;(z) be obtained from the definition of f;. That is, F; is now to be interpreted
as @7, defined above. We proceed by induction on the definition of f;.

The result is trivial if f; is one of the initial functions, for then (F,)}fl = f; already for p = 1.
Suppose that f; is obtained by composition, say fi(z) = f;(fr(z)). By inductive hypothesis there

are functionals F}, Fj, such that for all z, (Fj)ﬁjw () = fj(z) and (Fk)lﬁ’fu(a:) = fr(z). Furthermore,
by hypothesis we know that:
Fi(z) = Fj(Fi.(z)).

Now the inductive hypothesis implies that for any z there is a finite stage n (depending on z) at
which

(Fi)ut (@) = fulz),
and this value is preserved at all later stages. Moreover, there is a finite stage m (depending on
fr(z)) such that

(Fy)’ (ful@)) = F5(fu(®)),
and this value is likewise preserved at all later stages. If we now let p = max(m,n) we have:
(F)y (@) = (Fy)y (F)p ()
= (E) (ful@))
= Jfi(fr(x))
= fi(x).
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The desired conclusion follows.
Now suppose that f; is obtained by primitive recursion from functions f; and f:

o fila), it x=0;
filz,y) = { fi(%y,fi(x —-1,y)) if x>0.

We want to show that for every z, (FZ)%M (x) = fi(x). We proceed by induction on z. If z = 0 then

the induction hypothesis tells us that there is a stage n (depending on x,y) at which (Fj)fj (z,9)
stabilizes at the right value (it “clicks in,” so to speak), so that

(F)Yi(a,y) = (Fpw (2,9) = fi(z,y) = filz,y).

Now suppose that > 0, and assume the result holds for z — 1. Then there is n (depending on
x — 1,y) such that

(E)%Z(l‘ - 17y) = fz(x - 17y)a

and this is preserved at all later stages. Moreover, there is also m (depending on =,y and f;(z—1,y)
such that

(Fo)ik (@, y, fix — 1,9) = fu(z,y, filz — 1,y)),

and this value is preserved at all later stages. Now let p = max(m,n + 1). Then we have:

(F)yi(zy) = (Fu)p*(x,y, (F)Y (z — 1y))
= (Fo)pt(zy, filz — 1,y))
= felz,y, filzx = 1,y))
= fi(z).

The desired conclusion follows. Now we get to the crucial case. Let f; be a regular function of two
arguments, and suppose that f; is obtained by least search from it:

fi(x) = py [f(x,y) = 0].

Now fix z; since f; is regular, there is y such that f;(z,y) = 0. By inductive hypothesis, there is a
stage n such that

(Fj)u (@, y) = f;(z,y) = 0.

Given our definition of @7, (F,)%" starts an upward search for the first y such that (Fj)xj (z,y) = 0.
Since f; is regular by hypothesis, and by inductive hypothesis (Fj)ﬁz (2) = fj(z) for all z < x, the
search succeeds, and the conclusion follows. [ ]

5 Defeasible Reasoning!

Finally, we come to our last example of circularly defined notions: defeasible inference. A number
of so-called non-monotonic logics were developed over the last twenty years to provide a formal
framework within which to model cognitive phenomena such as defeasible inference and defeasible
knowledge representation, i.e., to provide a formal account of the fact that reasoners can reach
conclusions tentatively, reserving the right to retract them in the light of further information.

'9The material in this section has an overlap with Antonelli [2]
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These logics represent one of the most important recent developments both in logic and in Artificial
Intelligence.

In this section we present a particular inferential formalism, i.e., a simplified version of Reiter’s
default logic [16]. After providing the fundamental definitions and illustrating the basic facts
concerning this version of default logic, we show how to provide a somewhat alternative account
of this form of defeasible reasoning, in such a way as to capture the inherent circularity and to
bring it in line with the analysis of other circular phenomena presented in this pages. It should be
mentioned that the considerations in this section aim to be motivational; a complete treatment of
the formal details can be found in Antonelli [4, 7].

Default logic is intended to represent defeasible inferences of the the form: “If Tweety is a bird,
then in the absence of information to the effect that Tweety is a penguin, infer that Tweety flies”.
The inference is defeasible because when we acquire further information to the effect that Tweety
is indeed a penguin, the conclusion of the inference is retracted. Such a defeasible inference rule
can be represented by a “default” — i.e., a defeasible inference rule — such as:

Tweety is a bird:Tweety is not a penguin

Tweety flies

More in general, a default ¢ is an expression of the form

¢:n

0
where (,n,0 are sentences from a given languagel, to be specified below. The expressions (, 7,0
are called the pre-requisite, the justification, and the conclusion of §, respectively. The intuitive
meaning of § is that if ¢ is known, and 7 is consistent with what is known, then we are entitled
to infer 6 (“by default”). To say that 7 is consistent with what is known is to say that we have
no information to the effect that not-n is true. If this is the case, then the default is “fired” or
“triggered,” and its conclusion added to our knowledge base.

The basic problem one encounters when trying to represent defeasible inference by means of
defaults is that we want 1 to remain consistent even after the default is fired. That is to say,
there is an inherent circularity in defeasible reasoning that needs to be accounted for if we want to
give a precise formal account. Default logic gives such an account by providing a solution to basic
problem, using the notion of extension. But before we can give the details we need a few more
definitions to fix concepts and terminology.

We are going to work with a classical propositional language L, of the usual sort. In particular,
L is obtained from propositional constants p, g, r, ... using the propositional connectives &, V, -, —.
We will employ the classical notion of logical consequence, according to which a sentence ¢ is a
logical consequence of a set of sentences S if and only if ¢ is true on any truth-value assignment
on which all sentences in S are true. Similarly, ¢ is inconsistent with a set S of sentences if and
only if - is a consequence of S.

There are several important kinds of defaults. In the particular case in which a default ¢ has
no pre-requisite or, equivalently, its prerequisite is a tautology, we say that d is categorical. Reiter
[16] also singles out the notion of a normal default: this is a default whose justification is the same
as its conclusion. Similarly, Reiter & Criscuolo [17] define semi-normal defaults to be defaults of

the form
C:n&b
9 )
in which the conclusion occurs as a conjunct in the pre-requisite.
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Given the above construal of defaults, we can introduce Reiter’s notion of a default theory.
By a default theory we understand a pair (W, A), where W is a set of propositional axioms in
L (a “world-description”) and A is a finite set of defaults d1,...,0,. A default theory (W, A)
is categorical, normal, or semi-normal, according as all defaults in A are categorical, normal, or
semi-normal. As we will see, categorical default theories form a natural and well-behaved class.

Let (W, A) be a default theory, S a set of L-sentences, and ¢ a default from A. Then we say:

1. § is admissible in S if and only if the prerequisite of § is a consequence of S U W
2. ¢ is conflicted in S if and only if the conclusion of § is inconsistent with S U W
3. § is pre-empted in S if and only if the justification of § is inconsistent with S U W.

If T' is a set of defaults, we say that ¢ is admissible, conflicted, or pre-empted in I' according as
is admissible, pre-empted or conflicted in the set of all conclusions of defaults from I'.

We now introduce Reiter’s notion of an extension (here referred to as a classical extension
for a categorical default theory (see [7] for the general case). Intuitively, an extension I' — for a
categorical default theory (W, A) — is a maximal set of defaults that are triggered relative to the
knowledge base obtained collecting the conclusions of defaults in I'. Notice how the definition refers
back to itself in a circular fashion.

More formally, we say that a set I' of defaults is a classical extension for a categorical default
theory (W, A) if and only if it satisfies the following equation:

11)

I'={6 € A: ¢ is not pre-empted in I'}.

It is well known that if T is a classical extension for (W, A) then the set of conclusions of defaults
in I' is inconsistent with W if and only if W is already inconsistent. Similarly, if I' is a classical
extension for (W, A) and ¢ is neither conflicted nor pre-empted in I', then ¢ is in T

Given the above definition of an extension for a (categorical) default theory, it is worth noting
that it is not obvious how to determine whether a default theory has an extension and, if so, how
to construct one. First of all, not all default theories have extensions, as we can see by considering
a default theory (W, A) where W is empty and A contains only the default

b= =,
-p
where p is atomic. Suppose I' were an extension for the theory: then there are two cases, according
as ¢ isin " or not. Ifit is, then the justification of ¢, i.e., p, is inconsistent with the set of conclusions
of defaults from T, so that ¢ is pre-empted in I" and therefore cannot be in T after all (given that
I" satisfies the equation defining extensions). On the other hand, if § is not in I', then there are no
defaults in I" so that no atomic sentence can be inconsistent with the set of conclusions of defaults
in I', and in particular § is not pre-empted in I'; so ¢ is in I after all. This shows that, under the
hypothesis that ' is an extension, § is in I' of and only if it is not in I', an obvious contradiction.
We conclude that no extensions exist.
On the other hand, default theories can have multiple extensions. To see this, consider the
default theory (W, A), where W is empty and A comprises the two defaults:
51 = —p and 52 = —q
-q -p

1yWe will later introduce a different kind of extension.
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It is immediate to check that no extension I' can trigger both defaults, otherwise they would both
be pre-empted in I'. Moreover, any extension for the theory must trigger at least one of them: for if
neither belonged to the extension, neither would be pre-empted in such an extension and therefore
would have to belong to the extension after all. So there are two classical extensions I'y and I's,
each triggering one default and pre-empting the other one.

This is a general phenomenon: default theories can have multiple classical extensions, that are
all incomparable with respect to the subset relation. It follows, in particular, that there cannot be
a unique minimal (classical) extension of a default theory. This fact turns out to be problematic if
we are interested in defining a notion of defeasible consequence for a default theory, in analogy to
the classical notion of logical consequence. Indeed, it would seem that we ought to be interested in
such a notion, if default logic is to be a logic, and not only a representation device for defeasible
inference rules. In particular, we would like to define a relation |~ that a default theory has to the
sentences that are warranted by it, interpret such a relation as defeasible consequence, and write,
say, (W, A) |~ ¢ just in case ¢ is a defeasible consequence of (W, A).

In general, given a default theory having multiple classical extensions, there are several ways
in which we can define a relation |~: (i) we can decide to be credulous and say that (W,A) |~ ¢
precisely when ¢ follows from (the set of conclusions of defaults in) some extension of (W, A);
(73) we can arbitrarily pick an extension I' among the many possible, and decide that (W, A) |~ ¢
just in case ¢ follows from (conclusions of defaults in) I'; or (iii) we can be skeptical and say that
(W, A) |~ ¢ just in case ¢ follows from (conclusions of defaults in) all extensions of (W, A).

All three alternatives have drawbacks. Alternative (i7) is not acceptable for the arbitrariness of
our choice of I". Alternative (i) can lead us sometimes to endorse contradictory statements (as in
the case of I'y and I's above). Alternative (iii) is the one that best resonates with certain intuitions
about defeasible reasoning, e.g., the fact that defeasible reasoners should be cautious in drawing
their inferences (see Horty et al. [12] for a general argument in favor of skepticism in defeasible
reasoning), but goes about it the wrong way. It is certainly a funny way to be skeptical to generate
all possible extensions of a theory and then take the intersection. If feasibility of computation is
an issue at all, this is by far the least resource-oriented approach, and certainly not a satisfactory
implementation of skepticism.

It is also important to observe that classical extensions for default theories cannot be constructed
(when they exist) by means by any cumulative process, of the sort in which defaults are successively
assessed for some kind of property which can guarantee their belonging to the extension being
constructed. On the contrary, we first have to “guess” a set I' of defaults and then check that it
does indeed satisfy the equation defining extensions.

An important property of this notion of classical extension is its intrinsic “two-valued” character:
by this we refer to the fact that such an extension contains the consequences of a maximal set of
defaults whose justifications are consistent with the extension itself. In other words, the triggering
of a default can only be prevented if its justification is explicitly refuted. The approach to default
logic that will be presented below seeks to circumvent this restriction by identifying a “three-valued”
notion of extension for default logic, analogous to the one put forward in Antonelli [4] for defeasible
inheritance networks. In particular, we will provide a notion of extension that (i) subsumes the
classical one and (i7) according to which any default theory has an extension. As will see, our
notion of extension has other pleasant mathematical properties.

Inspiration for the present approach derives from Kripke’s work [14] in the theory of truth.
In turn, Kripke’s approach exploits a construction originally due to Kleene in connection with
the analysis of partial recursive functions (see Feferman [10] for a strengthening of the Kripke
construction as well as a historical appraisal of its predecessors). Kripke considers a language
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containing its own truth predicate, avoiding paradox by switching to a three-valued setting. In
such a setting, a sentence is true, false or indeterminate according as its negation is respectively
false, true or indeterminate. This intuition (extended to the other connectives in the language)
allows one to carry out an inductive construction not too dissimilar — as we will see — from the
one that gives minimal general extensions for default theories. By weakening the semantics Kripke
achieved a better-behaved model of how natural language can contain its own truth predicate, and
the maneuver carried out here is similar in inspiration.

Another trait of the present proposal is that it embodies a “cautious” or “skeptical” approach to
defeasible reasoning, which in turn is substantiated in our three-valued notion of general extension.
The main idea is that A default  can be prevented from being triggered if and only if it is either
explicitly conflicted or potentially pre-empted. Contrast this to Reiter’s notion of extension, in
which § can be prevented from being triggered if and only if it is explicitly pre-empted. This is
a crucial difference, within which lies the more cautious nature of general extensions. Moreover,
again in contrast to Reiter’s extensions, extensions of the sort proposed here can be obtained as
the limit of a genuine inductive or cumulative construction. This feature makes general extensions
somewhat better behaved mathematically, e.g., by imposing on general extensions a non-trivial
algebraic structure. As a by-product, we have that many default theories have a least general
extension. Again in contrast, as we remarked, any two of Reiter’s extensions for a given default
theory are incomparable with respect to the subset relation.

We are now ready to introduce our notion of “general extension” for (categorical) default theo-
ries. A classical extension plays a two-fold role: on the one hand it explicitly comprises the defaults
that are triggered (and these are the defaults that belong to the extension), and on the other hand
it implicitly specifies the set of defaults that are ruled out (because they do not belong to the
extension). The basic intuition at the basis of the notion of a general extension is that these two
roles are going to be decoupled, by explicitly identifying a set of defaults as triggered as well as
explicitly identifying a set of defaults as ruled out. This leads to the following definition.

A general extension for a categorical default theory (W, A) is a pair (I'",T'7) of sets of defaults
from A, simultaneously satisfying the following two equations:

't = {§:6 is neither conflicted in I't nor pre-empted in A —I'~};
'™ = {&:¢ is conflicted or pre-empted in I'"}.

In other words, I'" is the set of all defaults that are neither conflicted in I'" nor pre-empted in
A —T', while I'" is the set of all defaults that are either conflicted or pre-empted in I't. Notice
that before allowing a default in I'" we make sure that it is not potentially pre-empted, i.e., that
it is not pre-empted by any other defaults that have not already been explicitly ruled out.

It is possible to show that general extensions indeed generalize the notion of classical extension,
and that general extensions always exist. Given a categorical default theory (W, A) having a a
classical extension I'", we can obtain a general extension for (W, A) by putting

'~ ={d: 6 cconflicted or pre-empted in I'"'}.

Then (I',T'7) is a general extension for (W, A). (The reader is referred to [7] for a proof.)

The second important observation that we need to make is that every categorical default theory
has a general extension. This is particularly simple to see in the case of categorical, semi-normal
default theories, but it is also true in the general case. Given a categorical, semi-normal theory
(W, A), one can define the operator & taking pairs of subsets of A into pairs of subsets of A:

&(I,Iy) = (01,02),
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where:

©; = {0:6 is not pre-empted in A —T's};
©2 = {0:4 is conflicted or pre-empted in O1}.

(Notice that (©1,02) depends on I's only and not also on I'y.) There is an important sense in
which & is monotone. Define the following ordering < on pairs of sets of defaults from A: say that
(I'1,Ty) < (I13,1IIs) if and only if I’y C IIy and I'y C II,. Then & is monotone with respect to <,
in the sense that if (I'1,I'2) < (II;,II5) then &(I'1,I'y) < &(I1;,1I3). As in section 3, one can show
that any such operator has a fixed point, and then proceed to verify that any fixed point is indeed
a general extension (the latter part requires the hypothesis that A is semi-normal).

Even when A is not semi-normal, it is still possible to prove that extensions always exists, but
the proof is somewhat more complicated as it involves a non-deterministic inductive construction
(again, see [7] for the details).

The net effect of the restriction to semi-normal theories is to eliminate any residual non-
determinism from the construction. For then no default can be conflicted without being already
pre-empted, since the conclusion of the default occurs as a conjunct in the justification: any con-
flicted default would already be pre-empted.

Let us consider a few examples. Consider first the default theory (W, A), where W is empty
and A comprises the two defaults:
‘p °q
— and —.
-q -p
As we have seen, this theory has two classical extensions, according to which default is triggered.
In addition to these, the theory has one general extension, in which no default is triggered and
none is ruled out. This is the unique least extension of the theory.
Similarly, the default theory in which W is empty, and A comprises only the default

p
-p,

has one general extension, namely, (0, (), in which the default is neither triggered nor ruled out.
We already know that such a theory has no classical extensions.

It might seem that minimal extensions are quite uninteresting, given that in the ones we have
seen so far no defaults are triggered and none are ruled out. It turns out that this is not always
the case. Consider for instance the theory where W is empty, but A comprises the defaults

N

_|p 'S
The second default has nothing to do with the first, and so it should be triggered in any extension.
However, the presence of the first default prevents the theory from having any classical extension.
In contrast, the theory does have one general extension, namely

‘q
(1)
r
Indeed, the first default cannot be triggered in any extension, but there is no obstacle that prevents

triggering the second, which is in fact contained in all extensions of the theory, including any
minimal one.
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Now, consider a different sort of theory, in which W is empty and A = {¢1,...,0,}, for some
n > 1. Suppose also that for all k£ such that 1 < k < n,

* Pk
o = ———,
PE+1
whereas
‘Dn
Op = .
—P1

So, A is a sequence of defaults, each one of which pre-empts the next one, and the last one of which
pre-empts the first. It is easy to check that this theory has no classical extensions if n is odd. (It
has, of course one general extension even when n is odd, namely ((,0).) On the other hand, if n is
even, say n = 2m, beside the general extension ({), (), there are two classical extensions, namely

({52k+1 0<k< m}, {52k+2 0<k< m}),

and
({52k+2 0<k< m}, {52k+1 0<k< m})

For the details the reader is referred to [7, 4].
Finally, consider the theory (W, A) where again W is empty, and A contains the two defaults
24 and Ay
-p

This theory has two classical extensions (according to which default is fired), and these are also
the only two general extensions. This example is instructive because it shows that even minimal
general extensions need not be unique. It is however easy to change the above theory in such a way
that no default is conflicted in any extension unless it is already pre-empted in it. This amounts
to turning the theory into a semi-normal default theory by a maneuver first identified by Reiter &
Criscuolo [17]: by replacing A by the set of defaults

g &
a«p and
p -p

cq & —p

This theory gains a unique minimal general extension in which no default is triggered.

We have already remarked that classical extensions do not seem to allow us to define a notion
of defeasible consequence in a natural way. The case is quite different for general extensions. As
shown in [7], even when minimal extension are not unique, it is still possible to define a well-behaved
relation |~ of defeasible consequence.

Things are even better when we consider semi-normal default theories (and, given any theory,
we can always switch to a semi-normal theory in the manner advocated by Reiter & Criscuolo
[17]). Insofar as existence of classical extensions is concerned, semi-normal theories do not fare
any better than arbitrary default theories, since semi-normal default theories need not have any
classical extension (see [17, §3]). But the switch becomes critical from the point of view of general
extensions. As we have seen, semi-normal default theories always have a unique minimal general
extension. This allows us, for any given semi-normal (categorical) default theory (W, A), to define
(W, A) |~ ¢ if and only ¢ is a logical consequence of conclusions of defaults in I, where I' is the
unique minimal extension of (W, A).

What we have being saying so far applies to categorical default theories. However, this re-
striction is unessential, and can be lifted at the cost of complicating our definitions and proofs
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somewhat. The reader is referred to [7] for a full treatment of arbitrary default theories. (The exis-
tence of unique minimal extensions for semi-normal categorical default theories extends smoothly to
semi-normal default theories.) The point remains that one can account for the inherent circularity
characterizing defeasible reasoning by means of the notion of general extension for a default theory,
in such a way as to allow: (i) every default theory to have an extension; (i¢) minimal extensions to
be obtained by means of an inductive (cumulative) process; and (iii) define a well-behaved relation
of defeasible consequence for default theories.

6 Epilogue

We started out noticing that Thomas Aquinas correctly recognized that the ban on circular defini-
tions that Aristotle introduced was an assumption, motivated on epistemological grounds but not
otherwise necessitated. This opened the way for the investigation of what might happen, once such
a ban is lifted.

We can then see that circularity is in many ways a desirable trait, which allows us to give a
precise and rigorous account of many interesting phenomena, which would otherwise remain outside
the reach of formal enquiry. Of course this requires that we have methods and procedures adequate
for such an account.

In this paper we aimed to show that not only such methods and procedures are available, but
that the phenomena that require them are truly ubiquitous, ranging from classical theorems of set
theory, to the definition of computable functions, to the analysis of defeasible reasoning. Of course,
we could only supply but a few examples. But further instances are not hard to find, now that we
know where to look.
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